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Abstract
The increase in structural safety and the reduction in structural maintenance cost can
be achieved by the application of reliable monitoring systems of the structural ”health”.
Such systems are called Structural Health Monitoring (SHM) systems. However, the ap-
plication of such systems involved a lot of challenges. For thin structures, the applications
of Lamb waves for SHM systems are highly desirable. Lamb waves are special types of
ultrasonic waves having dispersive behaviors that propagate in plates and shell-like struc-
tures. The detection of damages comes from the interaction of Lamb waves with damages
in the structures. These damages trigger and influence losses, reflections and conversions
of the Lamb modes. The changes in the Lamb wave signals are measured to locate the
position and size of the damages. These interactions are complex. Thus, an effective
numerical method is required to understand these effects for the applications in SHM
systems. A very fine time and space discretizations in the considered domain are required
in the Lamb wave propagation simulations using standard Finite Element Method, thus
in this work, an alternative numerical method is developed. The presented work focused
on the study and development of the so-called Semi-Analytical Finite Element (SAFE)
method. With the help of this method, three main characteristic of Lamb wave simula-
tions are analyzed. Firstly, dispersion curves are calculated. These curves are made for
homogeneous isotropic plates and composite plates with varied layer arrangements. Next,
behavior of Lamb wave propagations due to obstacles are studied and followed by the
study on displacement responses of the system due to different external force excitations.
Based on these numerical studies, the advantages, disadvantages and limitations of SAFE
method are presented. The main results of the work presented here are:
a. The effects of symmetric and unsymmetrical layer arrangements in the dispersion
curves.
b. The effects of symmetric and unsymmetrical obstacles on the Lamb wave propaga-
tions.
c. Mode selection in thin piezoelectric actuator attached on composite plates.
d. Implementation of plate edges in the SAFE method.
iv
Kurzfassung
Die Sicherheit von verschiedensten Konstruktionen ko¨nnte erheblich erho¨ht und War-
tungskosten reduziert werden, wenn ein zuverla¨ssiges System zur U¨berwachung der ”Gesund-
heit” der Struktur realisiert werden kann. Solche Systeme tragen den englischen Na-
men Structural Health Monitoring (SHM) Systeme. Leider ergeben sich bei der Umset-
zung dieser Idee weitreichende Probleme. Fu¨r du¨nnwandige Strukturen ist die Nutzung
von Lambwellen fu¨r SHM-Systeme sehr beliebt. Lambwellen sind eine spezieller Typ
von gerichteten Ultraschallwellen mit dispersiven Eigenschaften, die sich in platten- und
schalenartigen Strukturen ausbilden. Die Erkennung von Fehlern beruht auf der Inter-
aktion von Lambwellen mit den Scha¨den in Strukturen. Die Scha¨den ko¨nnen Reflex-
ionen und Konversionen der Wellenmoden auslo¨sen, wodurch das Ausbreitungsverhal-
ten der Wellen beeinflusst wird. Diese A¨nderungen im Signal sollen gemessen werden,
um Vorhersagen u¨ber die Position und Gro¨ße des Fehlers treffen zu ko¨nnen. Da die
Interaktion sehr komplex ist, werden effektive numerisch Methoden beno¨tigt, um die
Lambwellenausbreitung zu verstehen und fu¨r SHM Systeme nutzen zu ko¨nnen. Da eine
sehr feine zeitliche und ra¨umliche Diskretisierung des betrachteten Gebietes no¨tig ist,
um die Lambwellenausbreitung mit Standard-Finite-Elemente-Methoden zu analysiere,
ist in dieser Arbeit ein alternatives numerisches Konzept entwickelt worden. Deshalb
liegt der Fokus der vorliegenden Arbeit auf der Entwicklung und Untersuchung von soge-
nannten Semi-Analytischen-Finiten-Elementen (SAFE). Mit Hilfe dieser Methode wurden
drei wichtige Eigenschaften von Lambwellen analysiert. In einem ersten Punkt sind Dis-
persionskurven berechnet worden. Das ist sowohl fu¨r homogen isotrope Materialien, als
auch fu¨r Laminate mit unterschiedlichen Lagenaufbau geschehen. Des Weiteren ist das
Verhalten von Lambwellen an Hindernissen in der Struktur untersucht worden, sowie die
Verschiebungsantwort des Systems aufgrund unterschiedlicher a¨ußerer Kraftanregungen.
Basierend auf den numerischen Studien werden die Vorteile, Nachteile und Grenzen der
SAFE Methode herausgearbeitet. Die wichtigsten Resultate der Arbeit, auf die hier ver-
wiesen werden soll, sind:
a. Der Einfluss von symmetrischen und unsymmetrischen Lagenaufbauten auf die Dis-
persionskurven.
b. Der Einfluss von symmetrischen und unsymmetrischen Hindernissen auf die Aus-
breitung von Lambwellen.
c. Die Ergebnisse zur selektiven Mode-Anregung durch du¨nne piezoelektrische Aktua-
toren, appliziert auf Kompositplatten.
d. Die Ergebnisse zur Implementierung von Plattenra¨ndern in der SAFE Methode.
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Introduction
1.1 Motivation
In structural designs, the trend is always to become more ambitious. For example, build-
ings get taller, bridges get longer and aircrafts get bigger. This lead to an increase in
the requirement to provide both cost savings with regard to maintenances and safer en-
vironments by preventing structural failures. One of the possible means to achieve this
goal is by the application of the Structural Health Monitoring (SHM) systems. By pro-
viding additional safety measures, the SHM systems enable the life of the structures to
be maximized and reduce the structural life costs.
The SHM systems have been applied in many different applications ranging from rotating
machineries, offshore platforms, space vehicles and aircrafts to bridges [9, 10]. It is highly
desirable to have SHM systems in structures for which failures would result in a catas-
trophic loss of life, i.e in aircrafts. If the onset of the failures can be detected, actions can
be taken to limit or prevent the use of these structures, while repairs can be carried out.
In current practices of the aircraft industries, the structural integrity of the aircrafts are
ensured by using scheduled maintenances [11]. In these schedule maintenances, inspection
on the component damages are made visually and by using the ultrasonic techniques to
scan the component interiors for damages [10]. Such approaches are time consuming,
require trained inspection personal as well as cost a lot to airline companies due to the
aircraft down time as the inspected components need to be removed. Thus, alternative
inspection approaches such as the on-line SHM system are highly demanded [12]. This
includes the usage of optical fibers, electrical impedances, vibration analysis and guided
structural waves.
The application of guided structural waves, i.e. Lamb waves in SHM applications for thin
structures gain a high interest within the research communities due to its considerably long
propagation ranges [13]. Thus, it can be used to interrogate the structures at relatively
long distances. Lamb waves propagate at high frequencies giving it high resolutions
from its small wavelengths. This makes Lamb waves sensitive to small damages in the
structure i.e impact damages. However, Lamb waves are dispersive and multi-modal
1
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causing complicated wave signals and data interpretations in damage detection processes.
In general composite materials, these dispersive and multi-modal characteristics are also
directionally dependent [14]. Furthermore, Lamb waves are also sensitive to environmental
conditions and structural discontinuities such as borders which are typically available in
the structures.
1.2 Objective
The behavior of the Lamb wave propagation in plates needs to be understood first before
any meaningful utilization in the SHM applications either through analytical, numerical
and experimental investigations can be performed. The most robust tool available for
the Lamb wave numerical simulations is the Finite Element Method (FEM). However,
high computational resources are needed to simulate the Lamb wave propagations due
to the small wavelengths involved. High number of space and time discretizations are
needed to correctly simulate these wavelengths. The present research is made to study an
alternative numerical procedure for simulating the Lamb wave propagations by applying
the Semi-Analytical Finite Element Method (SAFE). This method is attractive as it is
not severely affected by the discretization problems found in the FEM and tailored to the
needs of the Lamb wave simulations.
The first step in utilizing Lamb waves is to understand its multi-modal and dispersive
behaviors. This can be proven by referring to the available literatures on Lamb waves
[13]. Almost every author gives an indication about which Lamb modes and frequencies
are being considered in his studies. These informations are obtained from the dispersion
curves. Phase velocity dispersion curves show the velocity of Lamb waves while group
velocity dispersion curves show the velocity of Lamb wave packets (or wave energy). From
these curves, the velocity, the number and the type of modes involved at a particular
frequency are obtained. By utilizing a specific mode or a frequency region, it is possible
to reduce the complexity of interpreting Lamb wave signals. In this thesis, the SAFE
method is applied for calculating the dispersion curves for isotropic and composite plates.
Damages or obstacles in plates are normally detected through scattering effects of Lamb
waves. Thus, reflections and transmissions of the Lamb waves due to the obstacles need to
be studied. In order to simulate arbitrary obstacle shapes in this thesis, the SAFE method
is coupled with the FEM. The infinite plate regions are simulated using the SAFE method
while the small and local plate regions containing these obstacles are simulated using the
FEM. The reflection and transmission coefficients are obtained from these analysis. The
effects of the obstacles on each Lamb mode can be shown as the coefficients are obtained
separately for each mode.
Lamb waves are excited in plates either though occurring damages or by using actuators.
These actuators exerted forces on the plates. Then, the propagating Lamb wave signals
in the plates are sensed using sensors. Force response simulations are needed to simulate
these actuators and sensors. By applying the SAFE method, force response analyses are
made in this thesis for the 2D and the 3D cases. However, the SAFE method is based on
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infinite plates. To overcome this, a novel approach is presented to simulate finite plates
with edges in the force response simulations.
In summary, the objectives of this work are to study the applications of the SAFE method
for:
• the calculations of Lamb wave dispersion curves,
• the Lamb wave reflection and transmission behaviors due to obstacles, and
• the force response simulations.
1.3 Scope
This thesis is organized as follows:
Chapter 2 This chapter contains the literature reviews on the application of the
Lamb waves in the SHM systems. From this literature reviews, conclusions are made
which lead to the presented thesis.
Chapter 3 The formulation of the SAFE method is given in this chapter. The
available choices of the solution procedures and the mode separation techniques in the
SAFE method are discussed.
Chapter 4 In this chapter, the dispersion curves for isotropic and composite plates
are presented. Comparisons are made with available results in literatures and also with
existing experimental results. Some examples on the application of the dispersion curves
analysis are shown.
Chapter 5 In this chapter, the coupled SAFE-FE method is applied to simulate the
Lamb wave reflection and transmission behaviors due to obstacles. The plate edges and
obstacles located anywhere in the plate are considered. Some examples on the application
of the reflection and transmission analysis on the effects of symmetrical and unsymmetrical
obstacles, transducers and plate stiffeners are shown.
Chapter 6 The force response analysis using the SAFE method is described in this
chapter. The forces from actuators can be decomposed into discrete point forces. There-
fore, formulations for the 2D and the 3D point force response analysis using the SAFE
method in infinite plates are given. An approach is shown to consider plate edges in the
force response simulations. Some examples on the application of the force response analy-
sis for mode tuning, point force response, rectangular sensor response and actuator/sensor
coupled system simulation are given.
Chapter 7 The conclusions of this research work and the outlooks for future re-
search work are presented in this chapter. Advantages, disadvantages and limitations of
the SAFE method for Lamb wave simulations are given.
Chapter 2
Literature review
2.1 Brief history on Lamb wave
Travelling waves in structures are guided by the structural boundaries. These wave guid-
ing structures are called waveguides. Common types of waveguide in technical applications
are plates (i.e aircraft skin), rods (i.e cylindrical, square, rail), hollow cylinders (i.e pipe
and tubing), multi-layer structures, curves or flat surfaces on a half spaces, and interfaces
[15]. The waveguides influence the types of available waves. In general, Lamb waves
belong to a family of guided waves, which is guided by the plate boundaries when it
propagates. Thus, in literatures, it is also known as guided waves in plates.
Waves propagating on the surface of an infinite solid half space (known as Rayleigh wave)
are firstly described by Lord Rayleigh in 1885 [16]. In 1917, Horace Lamb extended
Rayleigh analysis to waves propagating within free isotropic plates with parallel surfaces
[17]. To honour him, the plate waves are generally known as Lamb waves. Other than the
Lamb waves, Love [18] showed mathematically that shear horizontal waves (also known as
Love waves) are also solutions to the wave equation in plates. These waves have a shearing
motion in the plane of the plates. Later, Stonely [19] described waves propagating at the
interface between two solids. Conditions for the propagating and the leaky wave modes
between two solids are given in [20, 21]. Leaky waves are the waves that loses its energy
to the surrounding.
In true sense, only the waves in plates with parallel surfaces that are decoupled from
the shear horizontal waves can be called Lamb waves, as originally described by Lamb.
However in the available literatures, sometimes waves in anisotropic composite plates are
also named as Lamb waves even with the coupling of the Lamb and the Love modes.
2.2 Characteristics of Lamb wave
In an infinite (bulk) solid, three types of bulk wave exist which are longitudinal (P) waves,
shear vertical (SV) waves and shear horizontal (SH) waves as shown in Figure 2.1. When
4
Chapter 2. Literature review 5
the solid is constrained by the top and bottom surfaces in isotropic plates, the P and the
SV waves are combined and create the Lamb waves [22].
x
y
z
P wave
x
y
z
SV wave
x
y
z
SH wave
Wave propagation 
direction
Wave propagation 
direction
Wave propagation 
direction
Figure 2.1: Bulk waves in solids.
The Lamb waves propagate in two types of modes; the symmetrical (S) and the anti-
symmetrical (A) modes (see Figure 2.2). In the S modes, the plate displacements are
symmetrical with respect to its center plane while in the A modes, it is anti-symmetrical.
There are infinite number of modes (S and A) existing in a plate [23]. For a particular
Lamb wave excitation, the available modes depend on the excitation frequencies and the
thickness of the plate (see Figure 2.3). At a higher frequency and a larger plate thickness,
more modes exist. The Lamb waves are dispersive as its velocities change with frequencies.
From the dispersion curves for isotropic plates, a minimum of two Lamb modes exist at
each frequency. The Lamb waves converge to the Rayleigh waves when the excitation
frequency increases to a certain frequency limit. This physically means that the wave
frequencies are too high causing the waves to travel only on the surface of the plates
which correspond to the behavior of the Rayleigh (surface) wave.
Symmetric mode (S) Anti-symmetric mode (A)
plate center 
plane
Figure 2.2: The symmetric and the anti-symmetric modes.
The Lamb waves are used to interrogate the whole thickness of the plates. Both the
surfaces or the internal damages can be detected. However, due to the complexity of the
multi-modal Lamb waves, only the symmetrical S0 mode [24] and the anti-symmetrical A0
mode [25] are normally considered in the literatures in order to simplify the wave signal
interpretations. There is also some effort to utilize the shear horizontal SH0 mode for
damage detections as it has non dispersive behavior in the isotropic plates [26, 27].
Naturally, the Lamb wave propagations in non-homogeneous composite plates are more
complex than in homogeneous isotropic plates due to the anisotropic material properties.
In this case, the P waves, the SV waves and the SH waves are coupled together. Thus, the
Lamb modes and the Love modes can not be solved separately. In a typical anisotropic
composite plate, the material properties depend on the fiber and matrix properties, the
fiber directions, the lamina thickness and arrangements in the plate thickness direction.
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Rayleigh 
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Figure 2.3: The typical dispersion curves for the isotropic materials.
2.3 Application of Lamb wave in SHM
Structural Health Monitoring (SHM) systems involving Lamb waves can be differentiated
into two types, a passive system and an active system [28] (see Figure 2.4). In passive
SHM systems, only sensors are required to detect the Lamb waves produced by occurring
damages in the structures. However, in active SHM systems, the Lamb waves are excited
into the structures using actuators and then sensed back by sensors with the damage
informations embedded within the obtained signals.
Active 
SHM
Passive 
SHM
Actuator Sensor
signal
Damage
signal + damages
signal + damages
Figure 2.4: The damage detection in active and passive SHM systems.
A passive SHM system deals mainly with the problem of damage localizations. An active
SHM system on the other hand gives the opportunity for utilizing certain mode types
and frequency ranges, which can help to reduce the complexity in the signal processing
for damage detections. The Lamb waves can be actuated and sensed by many types of
transducers [13]. Among them are:
• Ultrasonic transducers,
• Laser transducers,
• Piezoelectric transducers,
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• Interdigital/Comb transducers,
• Optical fiber transducers,
• Speckle Interferometry.
The ultrasonic transducers are used for actuating and sensing of single Lamb modes using
angled wedge prism by applying the Snell’s law [29–32]. However, the main problems for
these ultrasonic transducers are (i) the required downtime of the inspected structures,
and (ii) the inspected structures must be accessible from both sides. Furthermore, the
non-negligible mass/volume of the transducers and limited access to the geometry reduces
the practical applications especially for in-situ SHM systems.
The Lamb waves excitation using the laser-based ultrasonic waves and the Lamb wave
sensing using the laser interferometers are high precision measurement techniques [33].
These Laser transducers are non-contact transducers. However, the main disadvantage is
the high equipment cost.
By using the piezoelectric effects, an electrical potential can be converted into a mechan-
ical displacement and vice versa in the piezoelectric transducers. Thus, the piezoelectric
transducers can be used for both actuating and sensing of Lamb waves. The piezoelec-
tric transducers made from piezoelectric lead zirconate titanate (PZT) have excellent
performance in the Lamb wave actuation and sensing [34]. Advantages of these trans-
ducers include easy integration, negligible mass/volume, excellent mechanical strength,
wide frequency responses, low power consumption, low acoustic impedance and low cost.
However, these transducers generate multiple modes, exhibit nonlinear material behavior
and hysteresis under large strains/voltages or under high temperature, have small force
at high strain, measure strain instead of displacement, are brittle and have low fatigue life
[35]. There are also composite versions of the PZT transducers i.e the micro fiber com-
posites (MFC) and the active fiber composites (AFC) [36–38]. A mode selection approach
for thin PZT ceramics fully coupled to the isotropic plates has been shown in [39, 40].
In interdigital transducers, the spacing between the interdigital elements is set according
to the wavelength of the targeted modes in the actuation and sensing of Lamb waves
[15, 41]. Thus, selective mode actuation and sensing can be made using this type of
transducer [42–45]. The width of each interdigital element influences only the magnitude
of the obtained signal, i.e the larger the width, the larger the signal amplitude [46]. The
interdigital elements can be made by PZT ceramics or by polyvinylidene fluoride (PVDF)
piezoelectric polymer films. The PVDF films are more flexible, have a higher dimensional
stability, have a more stable piezoelectric coefficient over time and have a greater ease of
handling compared to the PZT ceramics [42]. However, the PVDF transducers are mainly
used as sensors due to the low actuating force.
The last two transducer types can be used only in the sensing of Lamb waves. In optical
fiber transducers, the Fiber Bragg Grating (FBG) sensor is used to detect the Lamb waves.
It is found that the embedded FBG sensors have more sensitivity to the Lamb waves than
the surface mounted FBG sensor [13]. However, the surface mounted sensors are more
practical as they are easier to repair and to replace. Furthermore, the embedded sensors
may weaken the monitored plate structurally. In the speckle interferometry, phased map
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obtained from the variations of interference light pattern (speckle) is used for the Lamb
waves sensing and visualization [47].
The Lamb wave signals from the sensors are processed to indicate the presence of damages.
Three types of signal processing techniques are available; (i) time domain analysis [48],
(ii) frequency domain analysis [49, 50], and (iii) time-frequency domain analysis [13, 51–
53]. The damages are detected in the wave signals by cross correlations with the baseline
measurement data for pristine conditions [54, 55]. This baseline data is used to subtract
the boundary effects from the wave signals. However, such baseline data are difficult to
maintain and change with environmental conditions.
Damages can be located using the triangulation method [51, 54], the tomography tech-
niques [56–60] and the time reversal method [61, 62]. Another approach which is compu-
tationally intensive is the neural network method [26, 63, 64]. Extensive FEM simulations
are needed to ‘teach’ the neural network algorithm on how to locate the damages. How-
ever, the algorithm is not working if the teaching conditions change. Instead of using the
time of flight, damage localizations can also be based on the energy propagation of the
Lamb waves [65].
Many actuator/sensor location placements have been proposed. In [54], the actuators/sen-
sors are located at the boundary of the plate. The actuators and sensors have been ar-
ranged in arrays to locate damages using phased reconstruction algorithm [66–68] and
excite waves in particular directions applying phased array actuation-sensing concepts
[6, 69–75]. MFC transducers have been arranged in a rosette arrangement as passive
sensors for damage localisations in [76–78]. A damage localization algorithm based on the
probabilistic correlation has been shown to be capable of detecting damages in complex
aircraft structures [55].
2.4 Simulation of Lamb wave
Many examples in the literatures highlight the complexity of the Lamb waves in real world
applications. Thus, numerical simulation is one of the best ways to understand the Lamb
wave behaviors. Computations of dispersion curves and plate displacement profiles for
isotropic plates have been made by Viktorov in 1967 [79] using Ural computer occupying
90-100 square metres of space [80]. Nowadays, with the advancements of computers, such
computations can be made within minutes even for composite plates with normal personal
and notebook computers [1] (with a 3.4GHz CPU and a 3.5GB RAM). The challenges
now are to simulate not only the dispersion curves but also the Lamb wave propagations
inside the plate itself. From these simulations, the induced Lamb wave signals from
the actuators, the interactions of the Lamb waves with obstacles/damages and the signals
obtained at the sensors can be calculated. The most robust numerical tool available is the
FEM. However, such simulations in the FEM still requires a lot of computational resources
even with todays computational power (minimum of ten elements per wavelength [81]).
For example, a simulation of a vertical point force at the center frequency of 300kHz in a 1
mm thick aluminum plate with dimensions of 150mm×150mm, using hexagonal elements
with a length of 0.25mm, requires the use of a Viglen CL2000 computer (having a 32GHz
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CPU and a 8GB RAM) [82]. Symmetrical boundary conditions have also been used in
this simulation to reduce the model size. Furthermore, special types of element are needed
if infinite boundaries are required [83], especially for the modelling of actuators. Infinite
boundaries are needed to remove the complexity induced by the wave reflections from the
actuator simulations.
These facts have propel many researches to develop other types of numerical methods
i.e the finite difference method [84–88], the spectral element method [72, 89–91], the hy-
brid boundary element (HBE) method [92–95], the wave finite element (WFE) method
[96–101] and also the semi-analytical finite element (SAFE) method. It is worth noting
that for research purposes, the FEM is still widely used to simulate Lamb wave prop-
agations especially in complex structures and for comparison and verification purposes
[102–105]. In general, the Lamb wave simulation problem in plates can be grouped into
three main areas [13]; (i) the dispersion curves calculation, (ii) the Lamb wave scattering
by damages/obstacles, and (iii) the actuator/sensor coupled system simulation.
2.4.1 Dispersion curves calculations
The Lamb wave dispersion curves show the relationships between wavenumber k and
circular frequency ω (or linear frequency f from the equation ω = 2pif). Phase veloc-
ity cp is obtained from the wavenumber by applying the relationship cp = ω/k. For
isotropic plates, an analytical expression for calculating the Lamb wave dispersion curves
are available. These dispersion curves are obtained from the solution of the Rayleigh-
Lamb equation [79] given by
tan(βd)
tan(αd)
= −
[
4k2αβ
(k2 − β2)2
]±1
(2.1)
with d as the half thickness of the plate. α2 = (ω2/c2p) − k2 and β2 = (ω2/c2s) − k2. cs
denotes the shear wave velocity. The plus sign in (2.1) is for the symmetric mode and
the minus sign is for the anti-symmetric mode. The plate curvatures have small effects
on the Lamb wave dispersion curves, showing differences only at the very low frequency
ranges [106].
There are two approaches to theoretically calculate the dispersion curves for composite
plates; exact solution approaches and approximate solution approaches [107]. The exact
solutions applying the 3D elasticity theory is solved using the matrix methods [108–110],
i.e the transfer matrix method and the global matrix method. These formulations give
a matrix description of the layered plates in terms of the stresses and the displacements
at the free surface, and in terms of the incoming and the outgoing wave amplitudes.
The transfer matrix method has an instability problem at higher frequencies and large
thickness values. On the other hand, the global matrix method involves larger matrices
and the solution process is relatively slow due to the slow convergence [13]. The global
matrix method has been implemented in the software DISPERSE [111]. In a recent
development, Green matrix approach has been used to calculate dispersion curves of
composite plates [112]. However, this method requires high computational resources at
high frequency ranges.
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For the approximate solutions, the FEM has been used in obtaining the dispersion curves
for general shaped waveguides. In anisotropic composite plates, homogenized material
properties are used at each material layer within the plates. The available FEM modelling
approaches are:
• Time domain modelling In this method, a length of a waveguide is modelled
with an appropriate loading. From the obtained displacements, the dispersion curve
data of each mode are extracted using the two dimensional Fast Fourier Transform
(2D FFT) [113, 114] or the Wavelet transform [115, 116].
• Mode shape of short waveguides In this method, a relatively short length
of a waveguide is modelled with the nodes at the ends constrained to move only
in the plane perpendicular to the length of the waveguide. The mode shapes and
resonance frequencies are then calculated. The number of periods along the length
of the waveguide enables the calculation of the wavelength and the phase velocity
of a guided wave mode [101]. Similar models with different lengths of waveguides
are then used to obtain more points in the phase velocity-frequency space [4].
• Semi-Analytical Finite Element (SAFE) method In this method, only the
cross section of the waveguide is modelled. Thus, reducing the dimensions of the
simulation model to one (for plates) or two (for other general waveguides). The
elements used have a prescribed displacement of complex exponential functions,
that is associated with the wavelength. By applying this element in the equation
of motion, an eigenvalue problem is obtained which is solved to give the dispersion
curves.
• Wave Finite Element (WFE) method This method is based on the period-
icity of the plates. Only a periodic section of the plates needs to be modelled using
the FEM. From the dynamic stiffness matrix of the FEM model, a transfer matrix
is obtained, which relates the forces and the displacements between the periodic
boundaries. Applying the complex exponential functions in the displacement and
force terms yield an eigenvalue problem which is solved to obtain the dispersion
curves [96].
From these FEM approaches, the SAFE method is the most efficient [4]. However, a
potential disadvantage of this method is that the necessary elements are not available as
standard in commercial FEM packages and need to be developed by the user.
The SAFE method is pioneered by Waas for the calculation of surface waves in layered
soils [117] under the name of thin layer method. He used it to create infinite boundaries
in the FEM analysis. This method is then used by many researchers for layered soils
analysis [118, 119]. For non-soil waveguides, the method was first proposed by Nelson and
Dong[120] and Lagasse[121] for isotropic plates. Karunasena et al.[122] then extended
the method for composite plates. This method has been used to calculate the wave
propagation solutions for beams and other arbitrary shape waveguides [8, 123–128]. It is
worth noting that this method is also known in the literatures as the stiffness method [122],
higher order displacement based theory [129], strip element method [130] and spectral
element method [131]. As the wave propagation is described analytically in the wave
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propagation direction, this method is able to handle the high frequency wave propagation
easily and is not severely affected by the small element size requirement in the FEM
analysis. Apart from the FEM, approximate solutions of the dispersion curves are also
obtained using the plate theory for composite plates as shown in [132–135].
The dispersion curves can be obtained experimentally using the amplitude spectrum
method [136], the phase spectrum method [137] and the mechanical resonant response
method [138, 139]. The 2D FFT method and the Wavelet transform method are also
widely applied to obtain the dispersion curves from Lamb wave signals [2, 140–143].
Based on the dispersion curves from the Lamb wave signals, the material properties of an
unidirectional composite plate have been obtained by applying an artificial neural network
method in [144].
2.4.2 Lamb wave scattering simulations
The hybrid boundary element-normal mode expansion method has been used to study
the mode reflection at plate edges [5, 92] and plate surface damages [93–95]. However,
this approach is limited to isotropic plates as the plate edges/damages are modelled
using the boundary element (BE) method. A combined FEM, modal decomposition and
analytical propagation method has been applied to compute the interaction of the Lamb
modes with micro-defects in an isotropic plate [145]. A coupled SAFE-FE method is
used to obtain the mode participation coefficient for the wave scattering due to vertical
plate edge reflections [146], plate edge cracks [147], angled plate edges [148], incline cracks
and circular holes in unidirectional laminates [149], and delaminations in composite plates
[150]. The coupled WFE-FE method has been used in [99] to simulate notches in isotropic
plates. In all these simulations, the accuracy is ensured by checking the fulfilment of
the reciprocity conditions and the energy errors between the incoming and the outgoing
waves. The main idea of these simulations is to reduce the computational requirements by
modelling infinite and undamaged plate regions using the normal-mode expansion/modal
decomposition/WFE/SAFE method, and modelling the complex edge/obstacle/damage
regions using the BE/FE method.
Another alternative for FEM simulations is the local interaction simulation approach
(LISA). This method is based on the finite difference method and has been used to
simulate Lamb wave propagations [85] and interactions with damages [86]. However, the
computational requirement is still very large [88].
2.4.3 Actuator/sensor coupled system
The response of plates due to a surface load can be solved using an analytical approach
as shown in [151]. Based on the 3D linear elasticity, the excitation of circular and rect-
angular shaped piezoelectric transducers [152] and anisotropic piezoceramic transducers
(MFC and AFC) [153] are simulated. The forces from these actuators are assumed to be
acting at the perimeter of the actuator (pin-force model). The SAFE method is used for
2D transient response analysis in infinite waveguides and plates [154–157]. For the 3D
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transient response analysis, the stationary phase method is used to approximate the 3D
force response solutions from the 2D force response solutions in isotropic and in compos-
ite plates [82]. In [158], the limitation of the stationary phase method applied in [82] is
shown, which it is suitable only for isotropic plates and quasi-isotropic composite plates
having a single stationary point. The SAFE method and the stationary phase method
have been used to model phased array actuations in quasi-isotropic composite plates by
including the directional dependence of the amplitude in the phased array algorithm [75].
2.5 Conclusions
It is clear that the behavior of the Lamb wave propagation needs to be understood first
before any meaningful utilizations in the SHM applications either through numerical sim-
ulations or by performing experimental investigations are possible. The purpose of this
thesis is to investigate the SAFE method for the numerical simulation of the Lamb waves.
The SAFE method is chosen as it can be applied to all the three main areas of the Lamb
wave simulations [13].
The first step in studying the Lamb waves propagation is to obtain the dispersion curves.
This is required as one needs to know what are the available modes in the plates within
a certain frequency range, and its relationship to the wave propagation direction. For
this purpose, the SAFE method is suitable as it is much simpler and faster than the
other methods as well as suitable for both isotropic and composite plates. As shown
in the application examples, the effect of the symmetrical and unsymmetrical material
arrangements and the in-plane load on the dispersion curves can be studied.
From the obtained dispersion curve data (wavenumbers and displacement profiles), the
reflection and transmission behaviors of Lamb waves due to the obstacles are studied by
the coupling of the SAFE method with the FEM. The FEM is chosen as it is effective in
modelling complex geometries. In literatures, only simple plate edges and obstacles have
been considered. Extensions are made here by considering more complex symmetrical
and unsymmetrical obstacles. The effect of transducers and stiffeners attached on plates
to the Lamb wave reflection and transmission coefficients are also calculated.
In Lamb wave transient response simulations, the solutions of interest are normally limited
to certain regions in the plates. By applying the SAFE method, these regions can be
selected without the need to model the whole plate. Only the actuator, the obstacle and
the sensor regions need to be considered. For obtaining results at these small regions, the
SAFE method is faster than the FEM. Furthermore, infinite boundaries are simulated
naturally using the SAFE method. Here, the SAFE method is used for the 2D and the
3D force response analysis. From the 2D force response analysis, the mode tuning curves
for composite plates are obtained. This enables the phased array actuation concept to be
applied in composite plates. For the 3D force response analysis, an approach is presented
which enables the point force locations to be shifted from the origin of the plate by
considering additional phases in the solutions.
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As the SAFE method is based on infinite plates, a special treatment is required for the
simulation of plate edges. Here, a novel approach to simulate the effects of plate edge
reflections is presented. Plate edge reflections are calculated as superposition of infinite
plate solutions acting to the opposite direction of the incidence waves on the plate edges.
As application examples, 2D and the 3D force response analyses for the infinite and the
finite plates are performed.
Chapter 3
The Semi-Analytical Finite Element
Method
3.1 Introduction
In this chapter, the formulation of the semi-analytical finite element (SAFE) method is
given. The formulation ends with a construction of an eigenvalue problem. By solv-
ing this eigenvalue problem, Lamb wave dispersion relationships (from eigenvalues and
eigenvectors) are obtained. Several solution approaches that need to be considered are
discussed.
3.2 Theoretical background
Wave propagations in waveguides can be simulated using the finite element method
(FEM). In the FEM, the waveguide discretization is made for every dimensions (i.e.
length, width and depth/thickness). On the other hand, SAFE method combines the
FEM with analytical expressions. Displacement fields in the waveguides cross-section are
described using the FEM while displacement fields in the wave propagation direction are
analytically described by a complex exponential. Thus, in comparison to the FEM, only
the waveguides cross-section needs to be discretized.
Lamb waves are high frequency waves. In order to analyze the Lamb wave propagations
with the FEM, small element sizes are required. This leads to a very high number of
elements and subsequently high computational costs. However, the SAFE method is not
severely affected to this requirement as no discretization is needed in the wave propagation
directions. This requirement needs to be fulfilled only for the meshes of the waveguide
cross-section.
The SAFE method can also be regarded as a method to obtain normal mode solutions
of the plate at each frequency. By applying these normal mode solutions, The SAFE
method can be used for force response analysis of waveguides which will be described in
14
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more details in Chapter 6. In the following, the formulation of the SAFE method is given
according to [1, 5, 8, 123, 159].
3.2.1 Problem definition
Consider an unloaded waveguide with a cross section as shown in Figure 3.1. Discritization
is needed only in the waveguide cross section (here using 2D FE discretization). The wave
propagates along x-axis with a wavenumber k and a frequency ω. The plate cross section
lies on the y-z plane. The harmonic displacement, strain and stress field in the plate are
given by
u =
[
ux uy uz
]T
,
ε =
[
εx εy εz εyz εxz εxy
]T
,
σ =
[
σx σy σz σyz σxz σxy
]T
.
Strain can be written in the form
ε =

∂x . .
. ∂y .
. . ∂z
. ∂z ∂y
∂z . ∂x
∂y ∂x .
u =
[
Lx
∂
∂x
+ Ly
∂
∂y
+ Lz
∂
∂y
]
u
where
Lx =

1 . .
. . .
. . .
. . .
. . 1
. 1 .
 ; Ly =

. . .
. 1 .
. . .
. . 1
. . .
1 . .
 ; Lz =

. . .
. . .
. . 1
. 1 .
1 . .
. . .
 .
x
y
z
Wave propagation 
along x axis
Waveguide 
cross section
Figure 3.1: General waveguide cross section
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3.2.2 Equations of motion
Equations of motion for the cross section are formulated by inserting the kinetic and the
potential energies into the Hamilton equation. The variation of the Hamiltonian of the
waveguide is given by
δH =
∫ t2
t1
δ(U − T )dt = 0 (3.1)
where U is the strain energy and T is the kinetic energy. The strain energy is given by
U =
1
2
∫
V
εT C˜εdV.
Matrix C˜ and V are the material stress-strain relationship matrix and the volume, re-
spectively. Superscript T denotes matrix transpose. The kinetic energy is given by
T =
1
2
∫
V
u˙Tρu˙dV.
The vector u contains the displacements and ρ is the mass density. An upper point
denotes derivative with respect to the time variable t. Performing the variation, eq.(3.1)
can be written as ∫ t2
t1
[∫
V
δ
(
εT
)
C˜εdV +
∫
V
δ
(
uT
)
ρu¨dV
]
dt = 0. (3.2)
The displacement field is assumed to be harmonic along the x direction, and spatial
functions are used to describe its amplitude in the cross sectional plane y-z; thus
u(x, y, z, t) =
ux(x, y, z)uy(x, y, z)
uz(x, y, z)
 =
ux(y, z)uy(y, z)
uz(y, z)
 exp−i(kx−ωt) . (3.3)
Symbols k, ω, t and i =
√−1 represent the wavenumber, circular frequency, time and
imaginary unit, respectively.
It is worth noting that the exponential function e−i(kx−wt) in equation (3.3) can be replaced
by the exponential function ei(kx−wt) as found is some literatures for example in [8]. For
the same values of k, ω and t, both exponential functions are mathematically equal.
3.2.3 Finite element method
As stated before, the displacements are assumed to be harmonic along the wave prop-
agation direction, x. Spatial functions are used to describe the wave amplitude in z.
Therefore, the element displacements can be written as;
ue(x, y, z, t) =
ux(y, z)uy(y, z)
uz(y, z)

e
exp−i(kx−ωt) = N(y, z)qe exp−i(kx−ωt) (3.4)
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where N(y, z) is the matrix of shape function and the waveguide cross section is in y-z
plane. This matrix and the nodal displacements are given by
N(y, z) =
 N1 N2
. . . Nn
N1 N2
. . . Nn
N1 N2
. . . Nn
 (3.5)
and
qe =
[
ux1 uy1 uz1 ux2 uy2 uz2 . . . . . . . . . uxn uyn uzn
]T
, (3.6)
respectively. The number of nodes per element is denoted by n. The strain vector in the
element is then written in terms of nodal displacements as;
εe =
[
Lx
∂
∂x
+ Ly
∂
∂y
+ Lz
∂
∂z
]
N(y, z)qe exp
−i(kx−ωt)
= (B1 − ikB2) qe exp−i(kx−ωt) (3.7)
where B1 = LyN,y + LzN,z and B2 = LxN with N,y and N,z as the derivatives of the
shape functions with respect to the y and z axis, respectively. The discrete form of the
Hamilton formulation in eq.(3.2) becomes∫ t2
t1
{
nel⋃
e=1
[∫
Ve
δεTe C˜eεedVe +
∫
Ve
δuTe ρeu¨edVe
]}
dt = 0 (3.8)
where C˜e, ρe and nel are the element stress-strain relationship matrix, the element mass
density and the number of elements, respectively. For laminated or layered material
structures, each material layer needs to be modeled by at least one element. Thus,
the element stress-strain relationship matrix (C˜e)L needs to be converted from the local
coordinates xL− yL− zL to the global coordinates x− y− z. Taking the z-axis to be the
same for both references, the following transformation is applied [131]
C˜e = T(θ)
−1(C˜e)LRT(θ)R−1 (3.9)
with θ as the angle between the x − y axis and the xL − yL shown in Figure 3.2. The
tensoral rotation matrix T(θ) adapted to the Voigt form is given as
T(θ) =

cos2(θ) sin2(θ) 0 0 0 2 sin(θ) cos(θ)
sin2(θ) cos2(θ) 0 0 0 −2 sin(θ) cos(θ)
0 0 1 0 0 0
0 0 0 cos(θ) − sin(θ) 0
0 0 0 sin(θ) cos(θ) 0
− sin(θ) cos(θ) sin(θ) cos(θ) 0 0 0 cos2(θ)− sin2(θ)
 (3.10)
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while the coefficient matrix R due to engineering strain terms is given as
R =

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 2 0 0
0 0 0 0 2 0
0 0 0 0 0 2
 . (3.11)
x
y
xL
yL
θ
θ
Figure 3.2: Reference transformation between local reference xL − yL and global
reference x− y.
Substituting the strain terms in eq.(3.7) to eq.(3.8) yields∫
Ve
δ
(
εTe
)
C˜eεedVe
=
∫
Ωe
∫
x
δ
(
εTe
)
C˜eεedxdΩe
=
∫
Ωe
∫
x
δ
(
qTe (B
T
1 + ikB
T
2 )[e
−i(kx−ωt)]∗
)
C˜e
(
(B1 − ikB2)qe[e−i(kx−ωt)]
)
dxdΩe
= xδqTe
∫
Ωe
[
BT1 C˜eB1 + ikB
T
2 C˜eB1 − ikBT1 C˜eB2 + k2BT2 C˜eB2
]
dΩeqe. (3.12)
Superscript ∗ indicates complex conjugate. The element kinetic energy contribution in
eq.(3.8) is obtained by substituting for the displacement expression from eq.(3.4), giving∫
Ve
δ
(
uTe
)
ρeu¨edVe
=
∫
Ωe
∫
x
δ
(
uTe
)
ρeu¨edxdΩe
=
∫
Ωe
∫
x
δ
(
qTe N
T [e−i(kx−ωt)]∗
)
ρe(−ω2)Nqe[e−i(kx−ωt)]dxdΩe
= −ω2xδqTe
∫
Ωe
NTρeNdΩeqe. (3.13)
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Substituting eq.(3.12) and eq.(3.13) into eq.(3.8) gives∫ t2
t1
{
nel⋃
e=1
xδqTe
[
k
(e)
1 + ikk
(e)
2 + k
2k
(e)
3 − ω2m(e)
]
qe
}
dt = 0
where
k
(e)
1 =
∫
Ωe
[BT1 C˜eB1]dΩe (3.14)
k
(e)
2 = k
(e)
21 − k(e)12 =
∫
Ωe
BT2 C˜eB1dΩe −
∫
Ωe
BT1 C˜eB2dΩe = (k
(e)
12 )
T − k(e)12 (3.15)
k
(e)
3 =
∫
Ωe
[BT2 C˜eB2]dΩe (3.16)
m(e) =
∫
Ωe
[NTρeN]dΩe. (3.17)
It is worth noting that if exponential function ei(kx−wt) is used, due to the sign of imaginary
value i, the matrix k
(e)
2 in equation (3.15) becomes
k
(e)
2 = k
(e)
12 − k(e)21 = k(e)12 − (k(e)12 )T . (3.18)
By applying finite element assembling procedure to each element in the plate thickness
yields; ∫ t2
t1
{xδUT [K1 + ikK2 + k2K3 − ω2M]U}dt = 0
where U is the global vector of unknown nodal displacement and global matrices are given
by
K1 =
⋃nel
e=1 k
(e)
1 K2 =
⋃nel
e=1 k
(e)
2 K3 =
⋃nel
e=1 k
(e)
3 M =
⋃nel
e=1 m
(e).
Value of xδU is arbitary, thus finally the SAFE eigenvalue equation is obtained as[
K1 + ikK2 + k
2K3 − ω2M
]
U = 0. (3.19)
3.3 Formulation for plate analysis
For a waveguide, such as an infinitely wide plate in the ±y axis direction as shown in
Figure 3.3(a), the element displacement has no dependence on the y axis. Hence, the
plate can be modelled using 1D finite elements. Here, the plate thickness is descretized
using 1D three node elements with three degrees of freedom per node (Figure 3.3(b)).
The nodes in each element are designated with number 1, 2 and 3. Therefore, by taking
n = 3 in equations (3.5) and (3.6), the matrix of the shape functions and the vector of
the element nodal displacements are obtained.
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Figure 3.3: (a) Infinitely wide plate cross section (shown with two 1D elements along
the plate thickness), (b) Degrees of freedom for a 1D three nodes element, (c) 1D three
nodes isoparametric element.
As the plate is infinite in the y direction, the plane strain condition is used with N,y = 0.
Hence, the element strain vector is obtained as
εe =
[
Lx
∂
∂x
+ Lz
∂
∂z
]
N(z)qe exp
−i(kx−ωt) = (B1 − ikB2) qe exp−i(kx−ωt),
with B1 = LzN,z and B2 = LxN. In the plane strain analysis, the domain of integration
reduced from dΩe to dz.
The integrals given in equations (3.14),(3.15),(3.16) and (3.17) are solved numerically
using Gaussian quadrature with three sampling points. The integration limits need to be
changed to -1 to +1. Thus, all the 1D elements are mapped to an isoparametric element
as shown in Figure 3.3(c). The parameters ξ = −1, ξ = 0 and ξ = 1 are for the nodes 1,
2 and 3, respectively. Details on 1D isoparametric finite element can be found in [160].
The shape function can be written with the normalized coordinate ξ as
N1(ξ) =
1
2
(ξ2 − ξ), N2(ξ) = (1− ξ2), N3(ξ) = 12(ξ2 + ξ) .
The Jacobian function J is given by;
J =
dz
dξ
=
[
ξ − 1
2
−2ξ ξ + 1
2
] uz1uz2
uz3
 .
The derivative of the shape function in z direction N,z is obtained as;
N,z =
dξ
dz
N,ξ =
1
J
N,ξ.
Therefore, the integration in equations (3.14),(3.15),(3.16) and (3.17) are calculated as
Υ =
nquad∑
i=1
Wi · ΞT ·C · Ξ · J (3.20)
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where nquad and Wi are the number of sampling points and the weight of the Gaussian
quadrature respectively. Matrix Υ represents element matrices k
(e)
1 , k
(e)
12 , k
(e)
21 , k
(e)
3 or
m(e). Matrix Ξ can be replaced by either matrices B1(ξ), B2(ξ) or N(ξ). The variable ξ
takes the values of the sampling points. Matrix C represents either the element material
relationship matrix C˜e or the element mass density ρe. After calculating the element
matrices, the remaining procedures to construct equation (3.19) are the same as described
in section 3.2.
3.4 Solution approaches
3.4.1 Symmetric matrices
From equation (3.19), the global matrices K1, K3 and M are symmetric. However, the
global matrix K2 is skew symmetric. In order to have a better equation for numerical com-
putation, K2 is changed into a symmetric form by pre-multiplying and post-multiplying
equation (3.19) with transformation matrix TT and T respectively. Matrix T has the
properties TT = T∗ and T∗T = TT∗ = I. The elements of T corresponding to uy and
uz have the value 1 while those corresponding to ux are equal to the imiginary unit. This
multipication changes only K2 as the other matrices do not mix ux with uy and uz [8].
Thus;
TTK1T = K1; T
TK3T = K3; T
TMT = M. (3.21)
The matrix K2 instead, mixes ux with uy and uz but it does not mix uy and uz with each
other. It follows that,
TTK2T = −iKˆ2; Uˆ = TTU, (3.22)
where Kˆ2 and Uˆ are the symmetrized K2 matrix and the new eigenvector, respectively.
Thus, the symmetric SAFE eigenvalue equation is given as[
K1 + kKˆ2 + k
2K3 − ω2M
]
Uˆ = 0. (3.23)
3.4.2 Variable fixation and reformulation of equation
Equation (3.23) has two variables, the wavenumber k and the circular frequency ω. Thus,
this equation can be solved by using two approaches:
(a) by first fixing the frequency, ω and solving for the wavenumber k, or
(b) by first fixing the wavenumber, k and solving for the frequency ω.
In approach (a), by taking Q =
[
Uˆ
kUˆ
]
, equation (3.23) is changed into a linear form as
(A− kB)Q = 0. (3.24)
Chapter 3. The Semi-Analytical Finite Element Method 22
Matrices A and B are given by
A =
[
. K1 − ω2M
K1 − ω2M Kˆ2
]
; B =
[
K1 − ω2M .
. −K3
]
or alternatively [155]
A =
[
K1 − ω2M .
. −K3
]
; B = −
[
Kˆ2 K3
K3 .
]
.
On the other hand in approach (b), equation (3.23) is simplified as[
K(k)− ω2M] Uˆ = 0, (3.25)
with K(k) = K1 + kKˆ2 + k
2K3. In the approach (a), the Lamb mode wavenumbers
can be calculated for required frequency values. However, the wavenumber k obtained
would include real, pure imaginary and complex values. The real values of k represent the
propagating modes while the imaginary and complex k represent the evanescent modes.
In certain composite plate configurations, obtained wavenumbers can be all complex due
to the numerical computation, with small imaginary values for the propagating waves.
Thus, for some layer orientations and composite material properties, it is difficult to
identify which of these modes are really the propagating modes. In the approach (b)
however, the propagating modes can be considered exclusively by taking initially k as
positive real numbers. Nevertheless, this approach is not so effective if one is interested
in the dispersion curves within certain frequency range with only a couple of the modes
involved. By fixing the k values and searching for the values of ω, Ndof number of
propagating modes are obtained simultaneously. Furthermore, if the material attenuation
is considered, then only the linear equation (3.24) is suitable ([8]). Equation (3.25) can
be solved roughly 100 times faster than equation (3.24) [125]. This is due to the bigger
problem size in equation (3.24). The eigenvector of this equation, Q is twice the size of
the original eigenvector Uˆ.
We can also take advantage of the wave propagation behavior of the materials in solving
equation (3.23). In isotropic plates, Lamb modes and shear horizontal (SH) modes are
decoupled. Equation (3.23) is rewritten in the form of[
k2A + kB + C
]
Uˆ = 0 (3.26)
with A = K3, B = Kˆ2 and C = K1−ω2M. Arranging equation (3.26) in terms of degrees
of freedom [118, 119] yields;k2Ax + Cx kBxz .kBTxz k2Az + Cz .
. . k2Ay + Cy
UˆxUˆz
Uˆy
 =
00
0
 . (3.27)
For wave propagation direction along the x-axis, the displacements in the x and z direction
(Uˆx and Uˆz) correspond to Lamb modes, while the displacements in the y direction (Uˆy)
correspond to SH modes. By separating the modes involved in equation (3.27), smaller
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eigenvalue problems are obtained. Lamb mode solutions and SH mode solutions can be
obtained separately. By considering only the Lamb modes, the size of the eigenvalue
problem in equation (3.23) is reduced from (6nel + 3) to (4nel + 2) in equation (3.28) as
(A¯K + C¯)Z = 0 (3.28)
where
A¯ =
[
Ax .
BTxz Az
]
; C¯ =
[
Cx Bxz
. Cz
]
; K = diag
[
k2
]
; Z =
[
Uˆx
kUˆz
]
.
Another form of this equation is obtained by transposing (3.28) giving;
YT (A¯TK + C¯T ) = 0 (3.29)
with Y =
[
kUˆx
Uˆz
]
as the left eigenvector.
The wavenumber k can also be presented in terms of its component in x and y where
kx = k cos θ and ky = k sin θ. Angle θ represents the wave propagation angle with respect
to the x axis in the x-y plane. Instead of having four matrices that need to be calculated
(K1,K2,K3 and M) there will be seven matrices by using this approach [130]. In this
approach, the variation of plate material properties to the wave propagation angle is
directly included in the formulation itself.
3.4.3 Separating symmetric and anti-symmetric Lamb modes
For isotropic and composite plates having symmetrical material properties with respect
to the plate center plane (x-y plane at z = 0 in Figure 3.3), the symmetric and anti-
symmetric modes can be separated and calculated individually. This is done by modelling
only half of the plate thickness and applying the following boundary conditions at the
nodes on the plate center plane [122].
• Displacement uz = 0, stresses σzx = 0 and σyz = 0 for symmetric modes.
• Displacements ux = 0 and uy = 0, and stress σzz = 0 for anti-symmetric modes.
If the whole plate is modelled, the symmetric (S) and the anti-symmetric modes (A) are
differentiated by checking the displacement components obtained from the eigenvectors
as shown in Figure 3.4. To illustrate how the mode is separated, the displacements
of two points, (1) and (2) with distance h(1) = h(2) from the plate center plane are
compared for different modes. The relationship between the displacements and mode
types are given in Table 3.1. Pure Lamb and SH modes exist in isotropic plates and
certain configuration and direction of composite plates where Lamb and SH modes are
decoupled, i.e wave propagation at 0◦ angle in an unidirectional composite plate with
0◦ fiber direction (see Figure 3.4(a)). In general composite plates at wave propagation
angle θ coupled Lamb-SH modes exist (see Figure 3.4(b)). These coupled modes can be
differentiated only as symmetric and anti-symmetric modes. It must be noted due to the
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numerical computation, exact zero values as given in Table 3.1 are not obtained. Hence
from the trials made, tolerance value of 1×10−7 is considered small enough to differentiate
the modes.
z
x
A mode
z
x
S mode
(1)
Pure SH modes
(1)
(1)(1)
(2)
(2)
(2)
Pure Lamb 
modes
x
yz
(2)
h(2)
h(1)
(a)
Wave propagation 
direction
(1) (1)
(2) (2)
Coupled Lamb-SH 
modes
θ
x
y
z
h(2)
h(1)
Wave 
propagation 
direction
(b)
Figure 3.4: (a) Mode shapes for pure Lamb modes and pure SH modes, and (b) Mode
shapes for coupled Lamb-SH modes. Straight lines are for the S modes and dotted lines
are for the A modes.
Table 3.1: Relation between eigenvector displacements and mode types.
Pure Lamb modes Pure SH modes Lamb-SH modes
S mode A mode S mode A mode S mode A mode
x(1) = x(2) x(1) = −x(2) x(1) = x(2) = 0 x(1) = x(2) = 0 x(1) = x(2) x(1) = −x(2)
y(1) = y(2) = 0 y(1) = y(2) = 0 y(1) = y(2) y(1) = −y(2) y(1) = y(2) y(1) = −y(2)
z(1) = −z(2) z(1) = z(2) z(1) = z(2) = 0 z(1) = z(2) = 0 z(1) = −z(2) z(1) = z(2)
The two approaches before are suitable only when the plates have symmetrical material
properties with respect to the plate center plane. For general plates with unsymmetri-
cal material properties, the orthogonality relationships of the eigenvectors is applied to
differentiate the modes [155]. For example, from equation (3.24), the B-orthogonality
relationships of eigenvectors are given as
QTa (ω)BQb(ω) = 0 and Q
T
a (ω)BQa(ω) 6= 0. (3.30)
The B-orthogonality of real eigenvectors at frequency step n to n+ 1 is computed as
Θ = QTa (ωn)BQb(ωn+1). (3.31)
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From the relationships in (3.30), value of Θ is the largest when the eigenvectors are from
the same mode, where a = b. Thus, by using this information, the obtained modes are
separated.
The last option is the most robust as it can be applied even to anisotropic materials
and unsymmetrical plates. However, it is more suitable for equation (3.25) (approach
(b)) in comparison to equation (3.24) (approach (a)). In approach (b), for each real
value of wavenumber k, a total of Ndof modes are obtained simultaneously. This makes
mode numbering easier. Ndof is the number of total degrees of freedoms within the plate
thickness. However in approach (a), for each value of circular frequency ω, only certain
number of modes are obtained. Furthermore, there are also backward propagating modes
(modes with negative group velocity), which have two solutions at a particular value of
ω. These make the mode numbering in approach (a) more complicated.
Chapter 4
Lamb wave dispersion curves
4.1 Introduction
This chapter begins with an explanation on how group velocity curves are calculated
in SAFE. Some verification results on the dispersion curve calculations are given next.
Effects of varying the material properties along the plate thickness direction are presented
for plates having layers of different isotropic materials. Skew angle calculations are made
for an unidirectional composite plate. This chapter ends with the effect of in-plane load
on the dispersion curves of isotropic plates.
4.2 Phase and group velocity curves
By solving the eigenvalue problem outlined in the previous chapter, the phase velocity
curves can be obtained and plotted from the relationship cp =
ω
k
. The wavenumber k is
obtained from the eigenvalue results. The group velocity, which is the velocity of a group
of waves with a similar frequency (wave packet) is given by the equation cg =
dω
d~k
with ~k
as the wave propagation direction. For guided wave propagating in x direction, the wave
vector is ~k = k~x, where ~x is the unit vector in the x direction. The group velocity is given
by
cg =
dω
d~k
=
dω
d( ω
cp
)
=
c2p
cp − ω dcpdω
=
c2p
cp − f dcpdf
.
In this formulation, the phase velocity curves need to be differentiated in order to obtain
the group velocity curves. However in the SAFE method, the group velocity curves can
be calculated directly from the results of the SAFE method [125]. The eigenvalue problem
in eq.(3.25) can be rewritten as;
Uˆ(L)
T [
K(k)− ω2M] = 0, (4.1)
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where Uˆ(L) is the left eigenvector. The left eigenvector is the complex conjugate of the
right eigenvector, thus;
Uˆ(L) = Uˆ∗,
where superscript ∗ represent complex conjugate and K(k) = K1 + kKˆ2 + k2K3. The
matrix K(k) is Hermitian and the mass matrix M is real and symmetric for real values
of k (propagating modes). The derivative of eq.(3.25) is then evaluated with respect to
the wavenumber as
∂
∂k
{[K(k)− ω2M] Uˆ} = [∂K(k)
∂k
− 2ω∂ω
∂k
M
]
Uˆ +
[
K(k)− ω2M] ∂Uˆ
∂k
= 0.
By premultipliying with the left eigenvector and using the relationship in eq.(4.1), the
equation above becomes
Uˆ(L)
T
[
∂K(k)
∂k
− 2ω∂ω
∂k
M
]
Uˆ = 0.
Knowning that dω
dk
is a scalar, the group velocity cg is then written as
cg =
dω
dk
=
Uˆ(L)
T
K′Uˆ
2ωUˆ(L)TMUˆ
, (4.2)
where K′ = ∂K(k)
∂k
= 2kK3 + Kˆ2.
For isotropic materials, directions of the phase velocity is equal to the group velocity.
However, for general anisotropic composite plates, it is not the case. The relationship
between slowness curve (inverse of the phase velocity curve) and wave energy direction
(equal to the group velocity direction) is shown in Figure 4.1. The wave energy direction
is normal to the slowness curve. The angle difference between the wave propagation
direction ~kθ and the wave energy direction ~V
e is denoted as skew angle ψ.
ψ
θ
O
￿Ve
x
y ￿kθSlowness 
curve
Figure 4.1: Skew angle ψ: angle between wave propagation direction ~kθ and wave
energy direction ~Ve.
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4.3 Dispersion curves verifications
Lamb wave dispersion curves for an aluminum plate with the Young’s modulus of 70GPa,
the Poisson’s ratio of 0.33 and the density of 2700kg/m−3 is calculated using the SAFE
method and the analytical solution [79]. Ten 1D quadratic elements are used to model the
whole plate thickness in the SAFE method. The compared results are shown in Figure
4.2. A good agreement is obtained.
0 1 2 3 4 50
2
4
6
8
10
12
frequency x thickness (MHz.mm)
p h
a s
e  
v e
l o c
i t y
 ( k
m
/ s )
 
 
ASAFE
SSAFE
Analytic
0 1 2 3 4 5−2
0
2
4
6
8
frequency x thickness (MHz.mm)
g r
o u
p  
v e
l o c
i t y
 ( k
m
/ s )
 
 
ASAFE
SSAFE
Analytic
A0
S0
A1
S1
A0
S0
A1
S1
(a) (b)
S2
S2
A2
A2
Figure 4.2: Dispersion curves comparison between SAFE and analytical solutions for
aluminum plate: (a) phase velocity curves, and (b) group velocity curves.
The accuracy of the SAFE method depends on the used number of elements and the
applied interpolation functions. As in the FEM, more elements used in the SAFE method
means more accuracy. Here, only quadratic interpolation functions are used due to the
interest in the lower frequency range, which have fewer modes and a low dispersive region.
If higher accuracy is needed, one could increase the number of elements or could use higher
order interpolation functions [161]. Figure 4.3 shows the effects on the phase velocity
curves of an aluminum plate due to different numbers of elements per plate thickness.
Comparisons are made only on the first four modes, A0, S0, A1 and S1. As shown in
these figures, when the number of elements are more than three, the calculated dispersion
curves match closely with the analytical solutions within these frequency ranges. The
errors of the dispersion curves compared to the analytical solutions are given in 4.4.
Higher number of elements per plate thickness in SAFE gives lesser errors. However, the
errors increase as the frequency increases. Thus, higher number of elements are needed
for better approximation at higher frequency ranges.
Another comparison is made with dispersion curves results presented in [1] for a 3.2 mm
thick [0◦/45◦/90◦/− 45◦]s2 composite plate having 16 lamina layers. Material properties
for a single lamina in 0◦ angle is given in Table 4.1. Each material layer is modelled by a
single 1D quadratic element in SAFE. Here, a good aggreement is obtained as well, shown
in Figure 4.5. In this composite plate, Lamb modes and SH modes are coupled and can
not be differentiated. Thus, the dispersion curves can only be separated into symmetric
or anti-symmetric modes.
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Figure 4.3: Aluminum plates phase velocity curve comparisons between analytical
solutions and SAFE using different number of elements per thickness.
A software, based on the SAFE method presented here has been developed to calculate
the dispersion curves. The software results have been compared with an independent ex-
perimental work by Pohl et al. [2] for determining the phase velocity curves of aluminum
and polymethylmethacrylat (PMMA) plates. Material properties of these plates are mea-
sured by evaluating the ultrasonic longitudinal and transversal waves. The comparisons
are shown in Figures 4.6 and 4.7. Good aggreements are obtained proving the suitability
of the SAFE method. Details of the experimental work are given in [2]. The slight de-
viations for PMMA plate are explained by slight differences in the frequency dependent
dynamic elastic properties common in plastics.
An independent experimental work to determine the dispersion curves of a composite
plate has been done in Deutsches Zentrum fu¨r Luft- und Raumfahrt (DLR) by Schmidt
Table 4.1: Lamina material properties in 0◦ angle [1].
E1(GPa) E2(GPa) G12(GPa) G23(GPa) ν12 ν23 ρ (kg/m
3)
172 9.8 6.1 3.2 0.37 0.55 1608
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Figure 4.4: Errors between analytical solutions and SAFE using different number of
quadratic elements per thickness.
[3] for a Deutsche Forschung Gesellschaft (DFG) project. The layer configurations and
material properties are given in Tables 4.2 and 4.3 respectively. The composite plate is
denoted as DFG09-08 plate. The phase velocity comparisons between the experimental
results and SAFE are given in Figures 4.8 and 4.9 for S0 and A0 modes respectively.
Four different wave propagation angles are considered, 0◦, 45◦, −45◦ and −90◦. Good
agreements are obtained. Details of the experimental work are published in [3].
Another comparison is made against an experimental data published in [2] for a different
composite plate with a similar configuration as given in Tables 4.2 and 4.3. Figures
4.10(a)-(b) show the dispersion curves comparisons between the results in [2], [3] and the
SAFE method for the wave propagation angle 0◦. For the A0 mode, a good agreement is
obtained. However, for the S0 mode, a good agreement is achieved only until the frequency
of 0.45MHz. This disagreement is due to the homogenized material properties used in
the SAFE method for the Ko¨per and Leinwand layers (woven layers), which are assumed
as orthotropic materials. Apparently, the homogenized material properties affect the S0
mode more than the A0 mode even when the S0 mode has a larger wavelength λ (with
higher cp) than the A0 mode (from the relationship λ = 2picp/ω). Thus, for this plate,
the SAFE method is applicable only until the frequency range of 0.45MHz.
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Figure 4.5: Dispersion curves comparison between SAFE and solutions in [1] for a 3.2
mm thick [0◦/45◦/90◦/− 45◦]s2 composite plate: (a) and (c) are solutions in [1], while
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Figure 4.6: A0 mode comparison between experimental results () presented in [2] and
SAFE (−) for an aluminum plate.
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Figure 4.7: A0 and S0 modes comparisons between experimental resutls () presented
in [2] and SAFE (−) for PMMA plate.
Table 4.2: Layer construction for DFG09-08 plate [3].
Layer Fiber orientation (◦) Material/Fabric Thickness (mm)
1 0◦/90◦ Ko¨per (Twill) 2/2 0.4
2 45◦ UD-Gelege (Unidirectional) 0.25
3 −45◦ UD-Gelege (Unidirectional) 0.25
4 0◦/90◦ Leinwand (Plain) 0.22
5 −45◦ UD-Gelege (Unidirectional) 0.25
6 45◦ UD-Gelege (Unidirectional) 0.25
7 0◦/90◦ Twill (Ko¨per) 2/2 0.4
Table 4.3: Layer material for DFG09-08 plate [3]. Layer thickness is in the 3 direction.
Material Density E1 E2 E3 ν12 ν13 ν23 G12 G13 G23
(kg/m3) (GPa) (GPa) (GPa) (GPa) (GPa) (GPa)
Ko¨per 2/2 1520 49.6 49.6 6.1 0.03 0.034 0.322 3.56 2.67 2.67
Leinwand 1560 53.4 53.4 6.4 0.03 0.033 0.319 3.83 2.87 2.87
UD-Gelege 1550 127.5 7.9 - 0.273 - - 5.58 - 2.93
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Figure 4.8: S0 mode comparisons between experimental results presented in [3] and
SAFE for DFG09-08 plate.
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Figure 4.9: A0 mode comparisons between experimental results presented in [3] and
SAFE for DFG09-08 plate.
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4.4 Application examples
4.4.1 Symmetrical and unsymmetrical material arrangements
In the following, the effects of symmetrical and unsymmetrical material arrangements are
considered for plates with layers of isotropic materials. The thickness of the plates are
1mm. The different material properties are represented by two Young’s modulus, E1 and
E2, where E1 = Ealuminum and E2 = 0.5Ealuminum. A Poisson’s ratio of 0.33 and a density
of 2700kg/m−3 are used for both materials. An unsymmetrical material arrangement
is considered, as shown in Figure 4.11(a). The top layers of the plate have the lower
Young’s modulus of E2 while the bottom layers have the higher Young’s modulus of E1.
Having this unsymmetrical material arrangement in the plate layers causes the first and
the second mode in the dispersion curves to be separated (marked by the circle). However,
the effects on the dispersion curves are small if the layers with the lower Young’s modulus
of E2 are less than 40% of the plate thickness. As the material properties of the plate
is no longer symmetric, the Lamb modes are no longer differentiable into the symmetric
and the anti-symmetric modes. Thus, these modes become quasi symmetrical and quasi
anti-symmetrical modes.
A symmetrical material arrangement is considered next, as shown in Figure 4.11(b). The
middle layers of the plate have the lower Young’s modulus of E2 while the top and bottom
layers of the plate have the higher Young’s modulus of E1. In this case, the material
arrangement is symmetrical. The A0 and S0 modes are always connected together and
converge to the Rayleigh wave (marked by the circle). Due to the symmetrical material
properties of the plate, the available Lamb modes can be differentiated into the anti-
symmetric and symmetric modes. Applying this effect, the symmetricity of the plate
material properties with respect to its center plane can be detected by looking at the
dispersion curves. However, a limitation of this approach is that only the unsymmetrical or
symmetrical material arrangements that span for the whole plate length (or the measured
plate length) can be detected. Thus, if a stiffness reduction due to damages is being
considered for detection from the dispersion curves, the damages must span for the whole
plate length (or the measured plate length).
The effects on the fundamental modes (A0 and S0) are higher when the layers with the
lower Young’s modulus of E2 are located near to the plate center plane compared to near
the plate surface, as shown in Figure 4.12. The damages in the layered plates may cause
degradation in the stiffness of certain layers within the plates. Thus, the obtained effect
is convenient for the SHM purposes especially for the laminated composite plates as the
damages near the plate center plane are more difficult to be detected visually than the
damages at the plate surfaces. Stiffness reduction near the plate center plane reduces the
quasi non-dispersion region of the S0 mode. In both cases, the thickness of the layers with
the Young’s modulus of E2 is 10% of the total plate thickness and the comparisons are
made with the analytical solution for a 1mm thick aluminum plate (all layers with the
Young’s modulus of E1).
The same effect as shown for plates with layers of isotropic material can also be seen in
composite plates. Consider a laminated composite plate made of layers of unidirectional
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Figure 4.11: Effect of the material arrangements on the dispersion curves of a layered
isotropic plate; (a) unsymmetrical material arrangement, (b) symmetrical material ar-
rangement. The tE2/tE1 ratio denotes the thickness ratio between the layers with the
Young’s modulus of E2 and the layers with the Young’s modulus of E1.
lamina arranged in different angles. Even with the same material properties at each lam-
ina, the effective lamina stiffness changes with respect to the wave propagation directions.
For example, at the wave propagation angle of 0◦, the lamina with the fibers arranged
at angle 45◦ has 50% of the stiffness of the lamina with the fibers arranged at angle 0◦.
Thus, the effects shown here are also valid for the composite plates but depended on the
wave propagation directions.
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Figure 4.12: Effect of the E2 layers location on the dispersion curves; (a) near the
top plate surface (b) near the plate center plane. The analytical solution is for a 1mm
thick aluminum plate.
4.4.2 Skew angles
The skew angle calculation is important for the anisotropic composite plates as it gives
the differences between the wave propagation direction and the group velocity (wave en-
ergy) direction [162]. Consider a 1mm thick unidirectional composite plate with fibers
oriented at angle 0◦. The lamina material properties are given in Table 4.1. The wave
energies travel mostly along the fiber directions. Thus, the wave propagation directions
will coincide with the wave energy directions only at the angles 0◦, 90◦, 180◦ and 270◦.
At these angles, the Lamb modes are decoupled from the SH modes. The phase velocity
curves at the angle 0◦ is shown in Figure 4.13(a). Here, for generality at all wave propa-
gation directions, the four available modes are denoted as A0, S0, A1, and S1. However,
as the Lamb modes can be differentiated from the SH modes at the angles 0◦, 90◦, 180◦
and 270◦, we know that the S0 mode is actually a SH0 mode, and the S1 mode is actually
a S0 mode. SH0 mode is non dispersion and can be seen at a straight line in the phase
velocity dispersion curves (marked in in Figure 4.13(a) as S0).
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For the other wave propagation angles, the Lamb modes are coupled with the SH modes.
Therefore, they can be differentiated only as the symmetric and the anti-symmetric modes
(S or A). One of the ways to display the variations of the phase velocities with the wave
propagation directions is by plotting the slowness curves. The slowness curves are the
inverse of the phase velocity curves showing the time taken by the wave to propagate per
unit distance. A smaller value in the slowness curves means a faster wave propagation.
Figure 4.13(b) shows the slowness curves for the different wave propagation angle θ at
the frequency of 500kHz. Only three modes are available at this frequency namely the
A0, S0, and S1. From the slowness curves, it can be seen that the A0 and S1 modes are
fastest along the 0◦ angle which correspond to the fiber direction.
The variation of the skew angle ψ with the frequency at the wave propagation angle
θ = 45◦ is shown in Figure 4.13(c). This figure shows how the skew angle changes with
frequency at a single wave propagation direction. The skew angle curve for the S1 mode
is straight indicating that the skew angle of this mode is non dispersive (independent
from the frequency). This suggest that for the S1 mode, only the variation of the skew
angles with the wave propagation directions is important. However, this is only true
when the wave propagation angle is less than 80◦, as shown in Figure 4.14(d). At the
wave propagation angles of 80◦ and above, the skew angle curves are no longer straight
indicating dispersive behavior.
On the other hand, the skew angle curves of the other available modes are generally
dispersive for any wave propagation angles as shown in Figures 4.14(a)-(c), except at
the angles where the wave propagation directions coincide with the energy propagation
directions. This fact can be seen in the Figure 4.13(d), that shows the variation of the
skew angle for a different wave propagation angle at the frequency of 500kHz. The angles
at the circumference of the polar plot denote the wave propagation angles while the angles
at the radius of the polar plot denote the skew angles). At the wave propagation angles
0◦, 90◦, 180◦ and 270◦, the values of the skew angle for all modes are zero. These mean
that the wave propagation direction coincide with the energy propagation direction. At
a frequency of 500kHz, only three modes are available namely the A0, S0, and S1.
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4.4.3 Plate with initial in-plane load
The effect of initial axial load has been included in the SAFE method for the analysis
of rods and rails [163]. The same approach can be applied also to plates with an initial
in-plane load. Previously, for analyzing small amplitude elastic waves, generally the in-
finitesimal strain-displacement relations are linear. However, for the cases where an initial
load is present within the waveguide, it is necessary to apply the full strain-displacement
relation [163]. The linear (ε) and the full (E) strain-displacement relationships are given
by
ε =

∂ux
∂x
∂uy
∂y
∂uz
∂z
∂ux
∂y
+ ∂uy
∂x
∂uy
∂z
+ ∂uz
∂y
∂ux
∂z
+ ∂uz
∂x

; E = ε+

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
, (4.3)
where ux, uy and uz are the displacements in the x, y and z directions, respectively.
Potential energy per unit volume may be written as the sum of the strain energy associated
with the small amplitude elastic wave (from σ term) and the work performed by the initial
stress (from σ(0) term) as
k =
1
2
σT · E+ σ(0)T · E. (4.4)
In-plane load on the waveguide which extends in the x direction is considered. The initial
stress due to this load is given by σ
(0)
xx . The stresses associated with the small amplitude
elastic wave are assumed at least an order of magnitude smaller than the in-plane stress
[163]. Thus, the product of these stresses and the non-linear strain terms are negligible.
The strain energy can then be written as
k =
1
2
[σxx · εxx + σyy · εyy + σzz · εzz + σxy · εxy + σxz · εxz + σyz · εyz] + σ(0)xx · Exx. (4.5)
All of these terms except the term containing the initial in-plane load are already included
in the linear strain energy used in the SAFE method. The term containing the initial
in-plane load can be expanded as
σ(0)xx · Exx = σ(0)xx ·
∂ux
∂x
+ σ(0)xx ·
1
2
[(
∂ux
∂x
)2
+
(
∂uy
∂x
)2
+
(
∂uz
∂x
)2]
. (4.6)
The term σ
(0)
xx · ∂ux∂x disappears when the variation of the Hamiltonian of the waveguide is
taken as in [1] or alternatively when the Langrange equations are applied as in [154]. This
term represents the interaction of the initial stress with the linear strain, which does not
feature in the SAFE equation. Thus, the only term we need to add to the linear strain
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energy expression, previously used in the SAFE method is
K(0) =
1
2
σ(0)xx ·
[(
∂ux
∂x
)2
+
(
∂uy
∂x
)2
+
(
∂uz
∂x
)2]
. (4.7)
Substituting the displacement interpolation functions used in equation (3.3) yield the
additional strain energy term in the form of
K(0) =
1
2
σ(0)xx · k2
{−ux −uy −uz} ·

−ux
−uy
−uz
 . (4.8)
The form of this term is identical to that of the kinetic energy. Thus, the additional
stiffness matrix is proportional to the mass matrix. The SAFE equation in (3.23) can be
rewritten as [
k2(K3 + K
(0)) + kKˆ2 + K1 + ω
2M
]
Uˆ = 0, (4.9)
where
K(0) =
σ
(0)
xx
ρ
M. (4.10)
The group velocity can be calculated using equation (4.2) with K′ = 2k(K3 + K(0)) + Kˆ2.
In the following examples, the in-plane load is applied in terms of in-plain strain in a
1mm thick aluminum plate. The aluminum plate has a Young’s modulus of 70.3 GPa,
a Poisson’s ratio of 0.3436 and a density of 2699 kg/m3. The calculated phase velocity
curves are normalized with the shear wave velocity of 3.158 km/s. Figure 4.15 shows the
effect of the strain due to the in-plane load on the A0 mode phase velocity curve, obtained
using the SAFE method and the FEM [4], respectively. A good agreement is observed.
The effect of the strain due to the in-plane load on the S0 mode phase velocity curve,
obtained using the SAFE method, is shown in Figure 4.16. By comparing Figures 4.15
and 4.16, effects of the in-plane load are more dramatic for the A0 mode compared to the
S0 mode. In the A0, the effect of the in-plane load is negligible for frequency × thickness
value larger than 10 kHz·mm (or 10 Hz·m as shown in Figure 4.15). On the other hand,
the effect of the in-plane load is still significant for the S0 mode until about 500 kHz·mm.
However, the magnitude differences in the phase velocity curves are smaller for the S0
mode compared to the A0 mode. This fact is in agreement with the statement made in
[4], that the in-plane load affect mostly the anti-symmetric modes.
The actual frequency range for the low frequency region (region where only the funda-
mental symmetric and anti-symmetric modes exist) depends on the thickness of the plate
in consideration. The more thicker the plate, the lower the frequency of the low frequency
region. Thus, for such plates, the effects of the in-plane load may no longer be negligible.
Similar analysis is not extended for anisotropic composite plates. However, the effect of
the in-plane load is expected to be dependent on the wave propagation angles.
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rod needs to be modelled as shown in Fig. 4. This means
that only the flexural modes polarised perpendicular to
the plane of symmetry (i.e. in the x direction) will be pre-
dicted. There is an infinite number of possible polarisation
directions for such modes but the properties in all cases will
be the same.
Both 1 mm and 2 mm diameter aluminium (Young’s
modulus = 70.3 GPa, Poisson’s ratio = 0.3436, den-
sity = 2699 kg m!3) rods have been modelled. Again the
only mode affected by load is the flexural mode and again
the results for different diameter rods are identical if
plotted as a function of frequency diameter, fD, as shown
in Fig. 5. The form of this graph, particularly below
10 Hz m, agrees well with the approximate solution
obtained by Mott [12] and gives confidence that the FE
procedure is performing as expected.
3.4. Effect of load on guided wave velocity in rail
The practical use envisaged for the FE technique is to
model the effect of load on waves in more complex shaped
waveguides than simple plates and rods. An obvious exam-
ple that has great industrial significance is rail. There are a
multitude of different rail cross-sections in existence world-
wide and the mesh used here is approximately equivalent to
the British BS113 type. The material properties are based
on those of steel (Youngs modulus = 215.3 GPa, Poisson’s
ratio = 0.293, density = 7800 kg m!3). The geometry is
shown in Fig. 6. Again the plane of symmetry in the mid-
plane of the rail is exploited to reduce the mesh size by a
factor of two. However, if symmetrical boundary condi-
tions are specified on the symmetry plane (i.e. the displace-
ment normal to the symmetry plane, uy, is constrained to
zero) then by definition only symmetrical modes will be
predicted. This excludes flexural modes with horizontal
polarisation, which are fundamentally different modes to
flexural modes with vertical polarisation unlike in the case
of a circular rod. However, the model can be repeated with
anti-symmetrical boundary conditions specified on the
symmetry plane (i.e. the displacement components, ux
and uy, parallel to the symmetry plane are constrained to
zero), in order to predict the behaviour of the horizontally
polarised flexural modes.
The resulting phase velocity dispersion curves are pre-
sented in Fig. 7 for the strain-free and 0.1% strain cases.
In this figure, it can be seen that the phase velocities of
three of the fundamental modes exhibit visible sensitivity
to the applied strain, including both horizontally and ver-
tically polarised flexural waves as well as a mode with tor-
sional like behaviour. The zoomed graph on the right of
Fig. 7 shows that the change in velocity due to an applied
strain of these modes does not decrease monotonically
with frequency but actually increases at certain high-fre-
quency regions. This is in contrast to the behaviour of
flexural modes in plate and rod waveguides and will be
discussed further in the next section. The figure also sug-
gests that the first of the higher order modes with a cut-
off frequency of just below 2 kHz also exhibits strain
sensitivity.
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Figure 4.15: Effect of the in-plane strain on the A0 phase velocity curve in a 1mm
thick aluminium plate: (a) the SAFE method (b) Reference [4].
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Chapter 5
Lamb wave reflection
5.1 Introduction
In this chapter, Lamb wave reflection analysis are made for plate edges and general ob-
stacles in isotropic plates. Complex symmetric and unsymmetric edges and obstacles are
considered. Effects of transducers on the wave propagation are discussed. The analyses
given covered only the plane waves where the Lamb modes are decoupled from the SH
modes. Thus, the results have no dependence on the wave propagation directions.
5.2 Reflection by vertical plate edge
Consider the case of an incident wave from a pth propagating mode striking the edge at
x = 0 as shown in Figure 5.1. The wavenumber of this propagating mode is kp. The
Free surface
Free surface
Vertical 
plate 
edge
Incident 
wavex
z
Figure 5.1: Vertical plate edge reflection.
displacement vector of the reflected wave qref at an arbitrary distance x is approximated
by a modal sum of a finite number of modes M in the form of
qref =
M∑
m=1
bmUmexp(−ikmx); x ≥ 0. (5.1)
45
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The coefficient bm is the amplitude of the mth reflected mode. The vector Um is the
eigenvector corresponding to the wavenumber km in equation (3.19). Thus, the reflected
wave displacement vector at the edge (x = 0) is given as
qref = ΦB, (5.2)
where Φ = [ U1 U2 . . . UM ] and B
T = [ b1 b2 . . . bM ]. Superscript T denotes
matrix transpose. The reflected wave force field at distance x can also be written as
Fref =
M∑
m=1
bmψmexp(−ikmx); x ≥ 0. (5.3)
Thus, the force vector at the edge (x = 0) due to the reflected wave is given by
Fref = ΨB. (5.4)
The matrix Ψ = [ ψ1 ψ2 . . . ψM ] is the force eigenvector matrix which represents the
nodal force components due to stresses σxx and σxz [146]. The force eigenvector for the
whole elements in the plate corresponding to mode m can be written as [5]
ψm = (ikmA + P)Um, (5.5)
with the matrices A = K3 and P = K12 as presented in section 3.2.3. The displacement
and the force vector due to the incident wave are
qin = Ainp Φ
−
p , (5.6)
Fin = Ainp Ψ
−
p . (5.7)
with Ainp as the amplitude of the incident mode p. The vector Φ
−
p and Ψ
−
p are obtained
from the pth column of Φ and Ψ, respectively, after replacing each x direction displace-
ments and force components by its negative value. The total displacement and force
vector at the edge are then given by
q = qref + qin = ΦB + Ainp Φ
−
p , (5.8)
F = Fref + Fin = ΨB + Ainp Ψ
−
p . (5.9)
5.2.1 End plate boundary condition
The plate edge boundary conditions need to be included in the formulation. Two types of
boundary conditions that can be prescribed are the fully free and fully fixed edges. The
vector B for these boundary conditions are [5]:
• Reflection by a free plate edge
At a free plate edge the traction is zero. Thus, the total consistent nodal forces are
zero, F(x = 0, z) = 0. Thus, this yields the prescribed forces on the plate edge as
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Fref = −Fin. From equation (5.9), the amplitudes of the reflected waves are obtained
as
B = −Ainp Ψ−1Ψ−p . (5.10)
• Reflection by a fixed plate edge
At a fixed plate edge the displacements are zero. Thus, the prescribed displacement
on the plate edge is qref = −qin. From equation (5.8), the amplitudes of the reflected
waves are obtained as
B = −Ainp Φ−1Φ−p . (5.11)
The fixed end condition of the plate can also be satisfied in a variational sense by
applying the principle of virtual work [146].
After knowing the vector B, the reflection coefficient Rpn of the nth reflected mode due
to pth incident mode is obtained as
Rpn = Bn/A
in
p . (5.12)
5.2.2 Energy conservation and reciprocity relation
The energy conservation and the reciprocity relation can be used to check the accuracy of
the computed reflection coefficient. The reflected energy is carried only by the propagating
modes through the plate cross section. This energy is calculated in terms of the time-
average value of the energy flux (Poynting vector/power flow). The energy flux of mode
m along the x axis across the plate thickness (in the z direction) is given by [164]
Pm = −1
2
Real
[
iω
∫ h/2
−h/2
(t∗Tm · um)dz
]
, (5.13)
where tm is the stress due to the mode m with t
T
m = {σxx σxz}T and h is the plate
thickness. Vector um is the displacement eigenvector of the mode m with um = NUm,
matrix N as the matrix of interpolation functions and Um as the nodal displacement
eigenvector. Superscript * denotes complex conjugate. From the FE discretization applied
along the plate thickness, the force eigenvector of mode m is given by [5]
ψm =
∫ h/2
−h/2
(NT · tm)dz. (5.14)
Therefore, the energy flux can be rewritten as
Pm = −1
2
Real
[
iω(ψ∗Tm ·Um)
]
. (5.15)
By considering the amplitude of the incidence and the reflected waves, the energy flux of
the nth reflected mode due to the pth incident mode is obtained as [146]
Ipn = −1
2
|Ainp |2|Rpn|2βn (5.16)
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with
βn = Real
[
iω(ψ∗Tn Un)
]
, 1 ≤ n ≤ Npr.
Npr is the number of propagating modes in the reflected field. ψn and Un are the nth
column of Ψ and Φ, respectively. The energy flux of the incident wave is written as [146]
Iinp = −
1
2
|Ainp |2βp (5.17)
with βp = Real
[
iω(ψ∗Tp Up)
]
. The error percentage in energy balance  is defined as
 =
[
Iinp −
Npr∑
n=1
Ipn
]
100
Iinp
. (5.18)
In the Figure 5.1, the closed plate edge region is bounded by x = 0, x = x+(where x > 0)
and the top and bottom plate surfaces. From the principle of the conservation of energy in
this closed region,  should be zero. Thus, a smaller  value means a more accurate result.
The proportion of incident energy transferred into the nth reflected mode is obtained as
Epn =
Ipn
Iinp
= |Rpn|2βn
βp
. (5.19)
The reciprocity relation serves as another numerical check of the computations. The real
elastodynamics reciprocity relation should satisfy
Epn = Enp. (5.20)
This reciprocity relation means that the amplitude of the pth mode reflected wave due to
a nth mode incidence wave is equal with the amplitude of the nth mode reflected wave
due to a pth mode incidence wave.
5.3 SAFE-FE coupling for reflection by general plate
edges
In the previous vertical plate edge reflection problem, the boundary conditions can be
defined easily as it is homogeneous for all points along the plate edge. However, for
general boundary conditions and general plate edge geometries, the SAFE method needs
to be coupled with other methods that can describe these boundary conditions and edge
geometries. Here, the SAFE method is coupled with the FEM as shown in Figure 5.2.
The FEM is chosen as it is suitable for modelling complex geometries and boundary
conditions. The plate edge boundary conditions and geometries are defined in the FE
region.
Continuity of displacements between the SAFE and the FE region is preserved by taking
the same number of nodes and interpolation functions at the boundary between both re-
gions. This boundary is located at x0. In the SAFE method, the displacements and forces
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Figure 5.2: Coupling between SAFE-FE in the plate edge reflection.
are described by equations (5.1) and (5.3), respectively. Therefore, the displacements and
forces at the boundary are obtained by multiplying the component of equations (5.8) and
(5.9) with exp(−ikx0) and exp(−ik(p)x0), respectively, giving
qB = q
ref
B exp(−ikx0) + qinB exp(−ikpx0), (5.21)
FB = F
ref
B exp(−ikx0) + FinB exp(−ikpx0). (5.22)
The subscript B and the superscripts ‘in’ and ‘ref’ represent the boundary, the incident
wave and the reflected wave, respectively. In the FE region the total work must be zero,
thus
δq∗TSq− δq∗TB FB = 0. (5.23)
The matrix S and the vector q are given by
S = KFE − ω2MFE =
[
SII SIB
SBI SBB
]
,
qT =
[
qI qB
]
.
The matrices KFE and MFE are the global stiffness and mass matrices of the FE region.
The subscript B is for the nodes at the boundary between the SAFE and the FE region.
The subscript I is for the other nodes in the FE region. δ implies the first variation. By
substituting equations (5.21) and (5.22) into equation (5.23) yields the amplitude of the
reflected waves as
B exp(−ikx0) =
[
S¯BBΦ exp(−ikx0)−Ψ exp(−ikx0)
]−1×[
FinB exp(−ikpx0)− S¯BBqinB exp(−ikpx0)
]
(5.24)
with
S¯BB = SBB − SBIS−1II SIB.
After solving the equation above for B, the reflection coefficient can be obtained us-
ing equation (5.12). Vectors qinB and F
in
B are obtained using the equations 5.6 and 5.7,
respectively.
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5.3.1 Verification
A comparison is made with the result available in [5]. The reflection coefficients of the
reflected modes at a vertical plate edge are calculated. The reference result in [5] is
calculated by using the method outlined in section 5.2. The S0 mode is used as the
incident wave. The plate used is made of an isotropic material with a Poisson ratio of
0.25, a thickness of 2mm, a longitudinal wave velocity of cL = 1km/s and a transversal
wave velocity of cT = 1/
√
3km/s. The vertical plate edge is fixed. A good agreement has
been obtained, as shown in Figure A.1 in Appendix A.
5.3.2 Application examples
In the following examples, the stiffness and the mass matrices of the FE region are obtained
from the Abaqus software. The quadratic plain strain rectangular element CPE8 and the
triangle element CPE6 are used to model the plate edges. The number of degrees of
freedom in the SAFE region is equal to the number of degrees of freedom at the boundary
between the FE and the SAFE regions. The plate is made from aluminum with a thickness
of 1mm, a Young’s modulus of 70GPa, a density of 2700kg/m3 and a Poisson’s ratio of
0.33. Only frequencies until 4.5MHz are being considered. Within this frequency range,
only five modes exist namely the S0, S1, S2, A0 and A1 modes (refer to Figure 4.2).
5.3.2.1 Symmetric plate edges
A symmetric plate edge as given in Figure 5.3(a) is considered. The infinite plate region
is modelled with the SAFE method and the plate edge is modelled with the FEM. The
boundary conditions for the plate edges in the FE region, either free or fixed, are defined
in the FEM [165]. S0 mode is taken as the incident wave. A square mesh is used in
the FE region with 10 elements per 1mm. The edge reflection coefficient E1n for both
symmetric and anti-symmetric modes are plotted as shown in Figure 5.3(b) and Figure
5.3(c), respectively. There is no reflection from the anti-symmetric modes. Thus, by
having an incident symmetric mode and a symmetric plate edge, only the symmetric
modes would be reflected back. The absolute value for the percentage of the energy error
in Figure 5.3(d) is less than 2.5× 10−7. High errors are obtained at the frequencies where
the phase velocity curves go to infinity. An opposite behavior is obtained when A0 is taken
as the incident wave as shown in Figure 5.4. Due to the symmetricity of plate edge only
the anti-symmetric Lamb modes are reflected back (Figure 5.4(c)). There is no reflection
from the symmetric Lamb modes (Figure 5.4(b)). The absolute value for the percentage
of the energy errors is less than 8× 10−11 (Figure 5.4(d)).
5.3.2.2 Unsymmetric plate edges
A free unsymmetric plate edge as shown in Figure 5.5(a) is considered. The plate edge is
inclined at an angle of 45◦. S0 Lamb modes are used as the incidence wave. As the plate
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Figure 5.3: S0 mode reflection by a fixed symmetric end plate; (a) SAFE-FE model,
(b) Symmetric modes reflection, (c) Anti-symmetric modes reflection, (d) Percentage of
energy error.
edge is unsymmetric, the S0 incident waves produce symmetric and anti-symmetric Lamb
mode reflections (see Figures 5.5(b) and 5.5(c)). The absolute value for the percentage of
energy errors is less than 3× 10−9, shown in Figure 5.5(d). An equal behavior is obtained
if the A0 Lamb mode is taken as the incidence wave as shown in Figure A.2, Appendix A.
The reciprocity principle is also satisfied as shown in Figure 5.6(a). The edge reflection
coefficient of the A0 mode reflected by the S0 incidence wave is the same as the edge
reflection coefficient of the S0 mode reflected by the A0 incidence wave. This results is
compared with the result presented in [5] which used the boundary element method to
model the inclined plate edge. Slight disagreements in the higher frequency range are due
to the differences in the method used to model the inclined plate edge.
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Figure 5.4: A0 mode reflection by a fixed symmetric end plate; (a) SAFE-FE model,
(b) Symmetric modes reflection, (c) Anti-symmetric modes reflection, (d) Percentage of
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◦); (a) SAFE-FE model,
(b) Symmetric modes reflection, (c) Anti-symmetric modes reflection, (d) Percentage of
energy error.
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free edge (45◦); (a) SAFE, (b) Reference [5].
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5.4 Reflection by general obstacles
Lamb waves are not only being reflected by the plate edges but also by damages, actuators
and even sensors. The coupled SAFE-FE method [150] is used to study the reflection and
transmission behavior due to obstacles anywhere on the plate. The obstacle region is
modelled using the FEM while the infinite plate regions before and after the obstacles are
modelled with the SAFE method as shown in Figure 5.7.
Free surface
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wave
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ABC
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Figure 5.7: Coupling between SAFE-FE at any position on the plate.
The infinite plate region before the obstacle region, the obstacle region and the infinite
plate after the obstacle region are denoted as regions A, B and C, respectively. The
boundary B1 is between regions A and B, while boundary B2 is between regions B and
C. In region A, where x ≥ x1, the waves are being reflected due to the obstacle. The
reflected wave displacements are written in the same form as in equation (5.1), as
qref =
M∑
m=1
amUm(km) exp(−ikmx); x ≥ x1, (5.25)
where am is the amplitude of the mth reflected mode. The reflective wave displacements
at the boundary B1 at x = x1 is given by
qref(x1) = Φ1A exp(−ikmx1) (5.26)
with Φ1 = [ U1(k1) U2(k2) . . . UM(kM) ] and A
T = [ a1 a2 . . . aM ].
The reflected force field is written as in equation (5.3), as
Fref =
M∑
m=1
amψm(km) exp(−ikmx); x ≥ x1. (5.27)
Thus, the force field at the boundary B1, at x = x1 is given as
Fref(x1) = Ψ1A exp(−ikmx1), (5.28)
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where Ψ1 = [ ψ1(k1) ψ2(k2) . . . ψM(kM) ]. By taking
D1 = A exp(−ikmx1), (5.29)
the wave displacement and the force field at the boundary B1 are given by
qref(x1) = Φ1D1, (5.30)
Fref(x1) = Ψ1D1. (5.31)
The wave displacement and the force field at the boundary B1 for the pth incident wave
are expressed as
qin(x1) = a
in
p Up(−kp) exp(−ikpx1), (5.32)
Fin(x1) = a
in
p ψp(−kp) exp(−ikpx1). (5.33)
In region B, where x ≤ x2, the Lamb waves are being transmitted away. Therefore,
following the same approach as the reflected wave displacements, the transmitted wave
displacements are given by
qtrans =
M∑
m=1
bmUm(−km) exp(−ikmx); x ≤ x2, (5.34)
while the transmitted force fields are given as
Ftrans =
M∑
m=1
bmψm(−km) exp(−ikmx); x ≤ x2. (5.35)
At the boundary B2, where x = x2, the wave displacements and the force fields are given
by
qtrans(x2) = Φ2B exp(−ikmx2), (5.36)
f trans(x2) = Ψ2B exp(−ikmx2), (5.37)
where
Φ2 = [ U1(−k1) U2(−k2) . . . UM(−kM) ],
Ψ2 = [ ψ1(−k1) ψ2(−k2) . . . ψM(−kM) ],
BT = [ b1 b2 . . . bM ].
Then, by taking
D2 = B exp(−ikmx2), (5.38)
the transmitted wave displacements and the force fields are given as
qtrans(x2) = Φ2D2, (5.39)
Ftrans(x2) = Ψ2D2. (5.40)
From the principle of virtual work, the total work in the FE region must be zero. Thus
δq∗TSq− δq∗TB FB = 0.
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The dynamic stiffness matrix S in this case is written as
S = K− ω2M =
 SII SIB1 SIB2SB1I SB1B1 SB1B2
SB2I SB2B1 SB2B2
 (5.41)
where K and M are the global stiffness and mass matrix of the FE region, respectively.
Substituting equation (5.41) into equation (5.23) gives
SIIqI + SIB1qB1 + SIB2qB2 = 0, (5.42)
SIB1qI + SB1B1qB1 + SB1B2qB2 = FB1 , (5.43)
SIB2qI + SB2B1qB1 + SB1B2qB2 = FB2 . (5.44)
The total nodal displacements and forces at boundaries B1 and B2 are given as
qB1 = q
in(x1) + q
ref(x1), (5.45)
FB1 = F
in(x1) + F
ref(x1), (5.46)
qB2 = q
trans(x2), (5.47)
FB2 = −Ftrans(x2). (5.48)
Substituting equations (5.30)-(5.31), (5.32)-(5.33) and (5.39)-(5.40) into equations (5.45)-
(5.48) yield
A11D1(x1) + A12D2(x2) = C1, (5.49)
A21D1(x1) + A22D2(x2) = C2, (5.50)
where
A11 =
[
SB1B1 − SB1I(SII)−1SIB1
]
Φ1 −Ψ1,
A12 =
[
SB1B2 − SB1I(SII)−1SIB2
]
Φ2,
A21 =
[
SB2B1 − SB2I(SII)−1SIB1
]
Φ1,
A22 =
[
SB2B2 − SB2I(SII)−1SIB1
]
Φ2 + Ψ2,
C1 = F
in(x1)−
[
SB1B1 − SB1I(SII)−1SIB1
]
qin(x1),
C2 = −
[
SB2B1 − SB2I(SII)−1SIB1
]
qin(x1).
Rewritten in a short form gives
AD = C, (5.51)
with
A =
[
A11 A12
A21 A22
]
,
DT =
[
DT1 (x1) D
T
2 (x2)
]T
,
CT =
[
CT1 C
T
2
]T
.
The incident wave displacement and the force field are known. Therefore, by solving
(5.51), the amplitudes Am and Bm are calculated from D1 and D2 in equations (5.29)
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and (5.38), respectively. The solutions should fullfill the energy conservation and the
reciprocity relationships as in section 5.2.2. However, in the case of general obstacle on
the plate, the energy conservation relationship becomes
Iinp = I
ref
pn + I
trans
pn . (5.52)
The percentage of error in the energy balance is given by
 =
[
Iinp −
Npr∑
n=1
Irefpn −
Npt∑
n=1
Itranspn
]
100
Iinp
, (5.53)
where Npr and Npt are the number of reflected and transmitted propating modes, respec-
tively.
5.4.1 Verifications
The easiest numerical check for the coupled SAFE-FE method is by modelling a plate free
from an obstacle. The left and right infinite plate regions are modelled using the SAFE
method while the FEM is used to model the middle plate region as shown in Figures
A.4(a) and A.3(a) in Appendix A. A 1mm thick aluminum plate is used with a mesh
density of 10 quadratic elements per mm. Both, the S0 and the A0 modes, are used as
the incident wave. There is no feature that would reflect the incident Lamb waves. Thus,
the obtained transmitted wave should be the same as the the incident wave. Good result
are obtained as shown in Figures A.3 and A.4, respectively. The absolute value for the
percentage of the energy error is around the computational error (in order of 10−12).
5.4.2 Application examples
In the following examples, the type of plate, the element types and sizes, and the consid-
ered frequency ranges are the same as applied in the section 5.3.2. The obstacle region
is modelled using the FEM while the infinite plate regions are modelled using the SAFE
method. The mass and stiffness matrices of the obstacle region are obtained from the
Abaqus software. The number of degrees of freedom at the boundaries between the FE
and the SAFE regions are set to be equal.
5.4.2.1 Symmetric and unsymmetric obstacles
Symmetric and unsymmetric obstacles are considered as shown in Figures 5.8, 5.9 and
5.10. Until the frequency of 4.5MHz, only three symmetric modes and two anti-symmetric
modes exist. It is shown, that the symmetric obstacles reflect and transmit the same type
of modes as the incident mode for both the anti-symmetric A0 mode and the symmetric
S0 mode incident waves in Figures 5.8 and 5.9, respectively. Although only shown here
for the A0 mode incident wave as in Figure 5.10, unsymmetrical obstacles reflect and
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Figure 5.8: A0 incident wave at a symmetric obstacle. Subfigures show (i) SAFE-
FE model (ii) Anti-symmetric modes reflection, (iii) Symmetric modes reflection, (iv)
Anti-symmetric modes transmission, and (v) Symmetric modes transmission.
transmit both symmetric and anti-symmetric modes for both types of incident modes.
More obstacle examples are given in Appendix A. Therefore, it can be concluded that
mode conversions only occur when the obstacles are unsymmetrical. This fact is in agree-
ment with the FE simulations done in [166], on the effects of the local stiffness changes
in the plates whereby the existence of the mode conversions is probed using a 2D FFT
technique.
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Figure 5.9: S0 incident wave at a symmetric obstacle. Subfigures show (i) SAFE-
FE model (ii) Anti-symmetric modes reflection, (iii) Symmetric modes reflection, (iv)
Anti-symmetric modes transmission, and (v) Symmetric modes transmission.
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Figure 5.10: A0 incident wave at an unsymmetrical obstacle. Subfigures show (i)
SAFE-FE model (ii) Anti-symmetric modes reflection, (iii) Symmetric modes reflection,
(iv) Anti-symmetric modes transmission, and (v) Symmetric modes transmission.
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5.4.2.2 Transducers
Consider the case of a S0 mode incident wave propagating to a transducer fully attached
to the top surface of an aluminum plate with thickness h = 1mm as shown in Figure
5.11. This attachment is typical in SHM applications. Thus, the transducer becomes an
unsymmetric obstacles to the Lamb wave propagation. The S0 mode is selected as it has
h
t
l
Plate
TransducerIncidence 
wave
x
z
Figure 5.11: A transducer attached on the top surface of the plate.
a quasi non-dispersive region at low frequencies. The transducer length and thickness are
l = 0.8mm and t = 0.1mm, respectively. Three transducer configurations are used:
(a) The transducer has the same density as the plate, but with lower Young’s modulus,
Etrans = 0.01Eplate.
(b) The transducer has the same Young’s modulus as the plate, but with lower density,
ρtrans = 0.1ρplate.
(c) The transducer has both, lower Young’s modulus and lower density, Etrans = 0.01Eplate
and ρtrans = 0.1ρplate.
These configurations are selected to see the effects of transducer mass and stiffness on
the wave reflections and transmissions. The maximum frequency considered is 1.5MHz.
The reflection and transmission coefficients for configurations (a), (b) and (c) are shown
in Figure 5.12. It is shown, that transducers with a lower Young’s modulus than the
plate (config.(a)) cause some spikes in the reflection and transmission coefficients. On the
other hand, when the transducer has a lower density than the plate (config.(b)), there
are no reflections and mode changes. The same results are obtained for config.(c), when
the transducers have both, a lower Young’s modulus and a lower density, than the plate.
Therefore, having transducers as light as possible is a better design decision in SHM, as
the wave propagations are not interrupted in the lower frequency range. This results also
suggest, that having lighter transducers is much more important than having less stiffer
transducers.
Next, the effect of transducer thickness on the Lamb wave propagation is considered. Five
transducer thicknesses t are chosen; 0.2mm, 0.4mm, 0.8mm, 1mm and 2mm. The width
of the transducers are 0.8mm. These transducers are attached to a 1mm thick aluminum
plate. The Young’s modulus and the density of the transducer with a thickness of 0.2mm
are set equal to the aluminum plate. The mass of the transducers with other thickness
values are maintained by reducing the density correspondingly. The S0 mode is used as
the incident wave. The maximum frequency considered is 1.5MHz. There are only A0
Chapter 5. Lamb wave reflection 62
0 0.5 1 1.5
0
0.2
0.4
0.6
0.8
1
frequency (MHz)
A 0
 r e
f l e
c t i
o n
 c o
e f
f i c
i e n
t
 
 
E=0.01Ealum
ρ=0.01ρalum
E=0.01Ealum&ρ=0.01ρalum
0 0.5 1 1.5
0
0.2
0.4
0.6
0.8
1
frequency (MHz)
S 0
 r e
f l e
c t i
o n
 c o
e f
f i c
i e n
t
 
 
E=0.01Ealum
ρ=0.01ρalum
E=0.01Ealum&ρ=0.01ρalum
0 0.5 1 1.5
0
0.2
0.4
0.6
0.8
1
frequency (MHz)
A 0
 t r
a n
s m
i s s
i o n
 c o
e f
f i c
i e n
t
 
 
E=0.01Ealum
ρ=0.01ρalum
E=0.01Ealum&ρ=0.01ρalum
0 0.5 1 1.5
0
0.2
0.4
0.6
0.8
1
frequency (MHz)
S 0
 t r
a n
s m
i s s
i o n
 c o
e f
f i c
i e n
t
 
 
E=0.01Ealum
ρ=0.01ρalum
E=0.01Ealum&ρ=0.01ρalum
Figure 5.12: Mode reflections and transmissions for transducers with configurations
(a)–, (b)- - and (c)-.- until the frequency of 1.5MHz.htrans = 0.1mm and ltrans = 0.8mm.
and S0 modes at this frequency range. Figure 5.13 shows the effects of the transducers
height changes on the wave reflections and transmissions. By increasing the transducer
thickness, the frequencies at the regions of high reflection and transmission of the A0 mode
are getting lower. This is undesirable. On the other hand, the effects on the S0 mode
reflection are less at a lower frequency range. We want less reflections and transmissions
from the A0 mode and also less reflections from S0 mode at a lower frequency range. Thus,
from this analysis, it follows that thinner transducers are a better design consideration as
there are fewer reflections and transmissions of the A0 mode at a lower frequency range.
The effect of the transducer width on the Lamb wave propagation is considered next. Five
transducers with a width d are chosen; 1mm, 0.8mm, 0.6mm, 0.4mm and 0.2mm. The
thickness of the transducers are 0.2mm. These transducers are attached to a 1mm thick
aluminum plate. The Young’s modulus and the density of the transducer with width 1mm
are set equal to the aluminum plate. The mass of the transducers with other thickness
values are maintained by increasing the density correspondingly. The S0 mode is used as
the incident wave. Figure 5.14 shows the effects of the transducers width changes on the
wave reflections and transmissions. By reducing the transducer width, the regions with
high reflection coefficient for the A0 and the S0 modes move toward lower frequencies.
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Figure 5.13: Mode reflections and transmissions for transducers with different thick-
ness t until frequency 1.5MHz.
This is undesirable in SHM application. Thus, for the same masses, transducers with
larger width are a better design consideration than transducers with smaller width.
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Figure 5.14: Mode reflections and transmissions for transducers with different width
d until the frequency of 1.5MHz.
5.4.2.3 Stiffeners
Stiffeners are used to strengthen the plate structures without causing severe weight penal-
ties. Thus, their usage are popular in the aircraft industries. Stiffeners are available in
many shapes. Here, effects of the stiffener shapes on the Lamb wave reflections and trans-
missions in isotropic plates are studied. The mass of the different transducer shapes are
keep constant to remove the influence of stiffener mass. These stiffeners are assumed to
be not fully rigid, thus allowing the transmissions of Lamb waves. They are also assumed
to be fully attached to the plate and the effects of attachment components (i.e rivets or
bolts) are neglected. Five stiffener shapes are considered as shown in Figure 5.15. The
stiffeners are attached to a 1mm thick aluminum plate. Each stiffener is 1mm thick and
is made from aluminum. The S0 mode is used as the incidence wave. The maximum
frequency considered is 1MHz. The stiffeners and plates are modelled using square CPE4
elements in Abaqus with the element lengths of 0.2mm. The results of the reflection and
the transmission coefficients of the stiffeners are given in Figure 5.16. The reflection and
transmission behaviors are complex even at a low frequency range. However, the reflected
and transmitted coefficients are larger for the S0 mode which is the incidence wave. No
clear indication of the different stiffener shapes can be seen on the reflection and trans-
mission coefficients. However, as all stiffener have the same mass, the overall trend of
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the reflection and transmission coefficients are about the same, even for different stiffener
shapes.
shape 1 shape 2 shape 3 shape 4 shape 5
3mm
3mm
2mm1mm
3mm
4mm
3mm
2mm
5mm
4mm
3mm
3mm
4mm
plate
stiffeners
5mm
2mm
4mm
Equal mass/length ratio for all stiffeners
{
{
Figure 5.15: Five different stiffener shapes considered.
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Figure 5.16: Mode reflections and transmissions for different stiffener shapes until the
frequency of 1.5MHz.
The stiffener shape 1 and 3 have a larger base (5mm) than the other shapes (3mm).
However, there is no clear trend in the reflection and transmission coefficients that separate
the results of the larger base stiffeners than the lower base stiffeners. The reflections inside
the stiffener plays a bigger role than the the coupling region between stiffeners and plate.
Chapter 6
Lamb wave actuation and sensing
6.1 Introduction
In the force response analysis, point forces are being considered as any forces can be
decomposed into the point forces as applied in the FEM. This chapter starts with a two
dimensional (2D) point force response analysis using the SAFE method. The point force
response analysis is then extended to three dimensional (3D) by applying the 2D point
force response analysis results and the stationary phase method. An approach to simulate
the effect of plate edges is presented. Several application examples are then shown for the
Lamb waves actuation and sensing simulations.
6.2 2D point force response
In the 2D point force response formulation, the approaches in [154, 155] are followed.
We consider the case of a general 2D external force vector f (2D)(t) acting on the plate as
shown in Figure 6.1. The frequency component of this force can be obtained by applying
Fourier transform as
f¯ (2D)(ω) =
∫ ∞
−∞
f (2D)(t) exp (−iωt)dt.
f (2D)(t)h x
z
xp
xm > xp
Monitored 
point
Figure 6.1: 2D system geometry
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This transformation is done numerically using Fast Fourier Transform (FFT). The linear
form of the SAFE equation, eq.(3.24), is written with the external force vector F for each
circular frequency ω as follows
(A− kB(ω))Q = F(ω), (6.1)
where F(ω) =
{
f¯ (2D)(ω)
0
}
. Component of the force vector, f¯
(2D)
j , is non zero at the j th
degrees of freedom where the force is being applied. The solution of equation (6.1) is
written in terms of an eigenvector expansion [167] as
u(2D)(k, ω) =
6N∑
r=1
1
kr − k ·Qr ·
QTr F
QTr BQr
. (6.2)
The spatial Fourier transform and the inverse Fourier transform are defined in [154, 156],
respectively as
u(k, ω) =
∫ ∞
−∞
u(x, ω)eikxdx,
u(x, ω) =
1
2pi
∫ ∞
−∞
u(k, ω)e−ikxdk.
Thus, the solution in the x domain is obtained by applying the inverse Fourier transform
to eq.(6.2) giving
u(2D)(x, ω) =
1
2pi
6N∑
r=1
∫ +∞
−∞
1
kr − k ·Qr ·
QTr F
QTr BQr
exp (−ikrx)dk. (6.3)
Equation (6.3) above is solved by using Cauchy’s residual theorem to obtain the solution
in the spatial domain. The solution depends on the location of the monitored point xm
with respect to the excitation point, xp. For xm > xp gives
u(2D)(x, ω)
∣∣
xm>xp
= −i
3N∑
r=1
Qr · Q
T
r F
QTr BQr
exp (−ikrx) (6.4)
where x = xm − xp. The summation is made over the modes r which are the modes
with real wavenumbers and non real wavenumbers with positive imiginary part. These
wavenumbers are selected to ensure bounded displacements. The total number of these
modes are 3N with N as the number of nodes. The integration contours for the Cauchy
residual theorem and the obtained equations for xm > xp, xm < xp and xm = xp are
shown in Table B.1 in Appendix B. The time domain response is then computed by using
the inverse Fourier transform as
u(2D)(x, t) =
1
2pi
∫ ∞
−∞
u(x, ω) exp (iωt)dω. (6.5)
This integration is solved numerically by using the inverse FFT.
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An alternative formulation is used to get the relationship between 2D and 3D force re-
sponse analysis as shown later in section 6.3. In this alternative formulation the relation-
ship between u(2D)(x, ω) and f¯ (2D)(ω) can be written as the convolution integral
u(2D)(x, ω) =
∫
g(x− x¯, ω) · f¯ (2D)(x¯, ω)dx¯, (6.6)
where g(2D)(x− x¯, ω) is the 2D Green’s function [82]. g(2D) can be written in terms of the
one dimensional Fourier transform G(2D) as
g(2D)(x, ω) =
1
2pi
∫ ∞
−∞
G(2D)(k, ω) exp (−ikx)dk. (6.7)
Applying the residue theorem, the integral in equation 6.7 can be solved as the sums of
residuals for each mode r. For a monitored point located at xm > xp as an example, it
yields
g(2D)(x, ω) =
3N∑
r=1
E(2D)r (x, ω) exp (−ikrx), (6.8)
where
E(2D)r (x, ω) = −i res G(2D)(k, z)
∣∣
k=kr
. (6.9)
E
(2D)
r is defined as 2D modal excitability matrix. The same types of modes as before are
selected. From the reciprocity approach, E
(2D)
r can be obtained as [168]
E(2D)r (x, ω) = −
iω
4Pr
Ur ·U∗Tr , (6.10)
where superscript * denotes complex conjugate, the superscript T represents the matrix
transpose and Ur is the eigenvector for the rth mode. Pr is the energy flux of the mode
given by the equation 5.15.
6.3 3D point force response
In the 3D point force response analysis, the 2D point force response solution is used in
combination with stationary phased method as shown in [82]. A multi-layered plate with
Cartesian coordinates (x, y, z) is considered with the z axis normal to the surface. The
source is modeled by a force distribution acting on the upper surface of the plate at z = 0
as shown in Figure 6.2.
The frequency component of this force can be obtained by applying the Fourier transform
as
f¯ (3D)(ω) =
∫ ∞
−∞
f (3D)(t) exp (−iωt)dt.
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f (3D)(t)
θ
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z
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η
ξ
∞
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Figure 6.2: 3D system geometry
The relationship between u(3D)(x, y, z, ω) and f¯ (3D)(ω) can be written as the convolution
integral
u(3D)(x, y, z, ω) =
∫ ∫
g(3D)(x− x¯, y − y¯, z, ω) · f¯ (3D)(x¯, y¯, z, ω)dx¯dy¯, (6.11)
where g(3D)(x− x¯, y− y¯, z, ω) is the 3D Green’s function of the system. This function can
be expressed from its two dimensional spatial Fourier transform G(3D) as
g(3D)(x, y, z, ω) =
1
(2pi)2
∫ ∫
G(3D)(kx, ky, z, ω)e
−i(kxx+kyy)dkxdky, (6.12)
where G(3D)(kx, ky, z, ω) stands for the Green’s function for plane waves propagating in
the direction given by the wave vector k(kx = k cos θ, ky = k sin θ, 0), where θ is the angle
between the direction of the phase velocity and the axis x as shown in Figure 6.3.
ψ
ϕ θ
S
P
O
￿x
￿Ve
￿s
s2
x2
x1s1 x
y
Figure 6.3: At the stationary phase point S, the energy velocity Ve is normal to the
slowness curve s(θ), the slowness curve is an inverse of the phase velocity curve.
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For a given source/receiver configuration defined by the distance r = | ~OP| and the angle
ϕ with x1 = r cosϕ, x2 = r sinϕ, the Green’s function can be written as
g(3D)(r, ϕ, z, ω) =
1
(2pi)2
∫ ϕ+3pi/2
ϕ−pi/2
∫
Γ
G(3D)(k cos θ, k sin θ, z, ω)× e−ikr cosψkdkdθ, (6.13)
where Γ is the domain of real positive half axis and ψ = ϕ− θ. The integral with respect
to θ is divided into two parts (i) from ϕ − pi/2 to ϕ + pi/2, and (ii) from ϕ + pi/2 to
ϕ + 3pi/2, where in the second part, θ is changed to (θ + pi) and k to −k. Thus, the
Green’s function can be rewritten as
g(3D)(r, ϕ, z, ω) =
1
(2pi)2
∫ ϕ+pi/2
ϕ−pi/2
∫
Γ∪−Γ
G(3D)(k cos θ, k sin θ, z, ω)× e−ikr cosψkdkdθ.
(6.14)
Only real values of wavenumber k are being considered. In the far field, the contributions
of complex wavenumbers can be neglected as the corresponding modes have a larger order
of decay [158]. Using the residue theorem, the Green’s function for the propagative modes
M is given by
g(3D)(r, ϕ, z, ω) =
1
2pi
∑
M
∫ ϕ+pi/2
ϕ−pi/2
G
(3D)
M (θ, z, ω)|kM(θ)|e−ikMr cosψMdθ, (6.15)
where
G
(3D)
M (θ, z, ω) = −i res
[
G(3D)(k cosϕ, k sinϕ, z, ω)
]
k=kM (θ)
. (6.16)
For each Lamb mode and for a given direction of observation ϕ, the integral with respect
to θ can be evaluated by the stationary phase method. Only the contribution of the angle
θ for which the phase ΦM(θ) = kMr cosψ varies slowly is considered. The first derivative
of the phase ΦM with respect to θ is given by
dΦM
dθ
=
dkM
dθ
r cosψM + kMr sinψM = 0, (6.17)
and it vanishes for a value of θM such that
dkM
dθ
= −kM tanψM with ψ = ϕ− θ. (6.18)
Thus, the relationship between ϕ and θ can be obtained as
ϕ = θ + arctan
[
c
′
p
cp
]
, (6.19)
where c
′
p =
dcp
dθ
.
It is assumed that there will only be one stationary phase point S (valid for isotropic
and quasi-isotropic plates [158]). In this case, the slowness curve is convex for all θ, and
equation (6.18) defines a one-to-one relation between angles ϕ and θ.
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From equation (6.17) and for a given angle ϕ, the second order derivative of the phase is
given by
d2ΦM
dθ2
=
(
d2kM
dθ2
+ 2
dkM
dθ
tanψM − kM
)
r cosψM . (6.20)
Substituting the second order derivative of kM , deduced from equation (6.18),
d2kM
dθ2
= −dkM
dθ
tanψM − kM
cos2 ψM
(
dϕ
dθ
− 1
)
, (6.21)
into equation (6.18) leads to
d2ΦM
dθ2
=
(
dkM
dθ
tanψM + kM tan
2 ψM − kM
cos2 ψM
dϕ
dθ
)
× r cosψM . (6.22)
Since, from equation (6.17), the first two terms in brackets are opposite, the second order
derivative of the phase ΦM reduces to
Φ
′′
M =
(
d2ΦM
dθ2
)
ϕ
= − −kMr
cosψM
dϕ
dθ
, (6.23)
which can be alternatively written as [82]
Φ
′′
M = −
ω
cp
√
c2p + (c
′
p)
2
(c
′′
p + cp)
∣∣∣∣∣
θ=θM
. (6.24)
Substituting in equation (6.16), ΦM(θ) by its second order Taylor expansion yields
g(3D)(r, ϕ, x3, ω) =
1
2pi
∑
M
G
(3D)
M (θM , x3, ω)× |kM |e−iΦM
∫ ϕ+pi/2
ϕ−pi/2
e−i(Φ
′′
M/2)(θ−θM )2dθ,
(6.25)
and finally
g(3D)(r, ϕ, x3, ω) =
1√
r
∑
M
BMG
(3D)
M (θM , z, ω)e
−irΦM , (6.26)
where BM is defined as
BM =
|kM |√
2pi|Φ′′M |
e−i(sign(Φ
′′
M )pi/4). (6.27)
The 3D Green’s function G
(3D)
M is related to the 2D Green’s function as shown in [82].
Consider the additional coordinate system ξ−η−z which is obtained by rotating x−y−z
with angle θ along the z axis as shown in Figure 6.2. A special case of loading f (3D) is
defined as f (2D)(ξ) which is invariant with the θ direction. For the 2D case, equation
(6.28) becomes
u(θ, ξ, z, ω) =
∫ ∫
g(2D)(θ, x− x¯, z, ω)× f¯ (2D)(x¯)dx¯, (6.28)
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where g(2D)(x−x¯, z, ω) is the 2D Green’s function of the system. This 2D Green’s function
needs to be related with the 3D Green’s function. The transformation between the x−y−z
coordinate system to ξ − η − z coordinate system is given by
ξ
η
z
 = T(θ)

x
y
z
 , with T(θ) =
 cos θ sinθ 0− sin θ cosθ 0
0 0 1
 . (6.29)
The wavenumbers are related by
kx = kξ cos θ − kη sin θ and ky = kξ sin θ + kη cos θ. (6.30)
Therefore, the 3D Green’s function G
(3D)
M (kx, ky, z, ω) is transformed into
G
(3D)
Mθ
(kξ, kη, z, ω) = T(θ)G
(3D)
M (kξ cos θ − kη sin θ, kξ sin θ + kη cos θ, z, ω)T−1(θ). (6.31)
The Green’s function G
(3D)
Mθ
(kξ, kη, z, ω) represent straight crested waves with propagation
direction (kξ, kη, 0). For the 2D case, we have straight crested wave with propagation
direction (kξ = k, kη = 0, 0) and corresponding 2D Green’s function G
(2D)
M (θ, kξ, z, ω).
This yields
G
(2D)
M (θ, kξ, z, ω) = G
(3D)
Mθ
(k, 0, z, ω). (6.32)
Thus, the 2D Green’s function is related to 3D Green’s function as
G
(2D)
M (θ, kξ, z, ω) = T(θ)G
(3D)
M (k cos θ, k sin θ, z, ω)T
−1(θ). (6.33)
6.4 Consideration for edge reflections
The 2D and 3D point force response analysis given in sections 6.2 and 6.3 are based on
the infinite plates. In order to simulate the finite plates with edge reflections, the reflected
waves are obtained by adding additional infinite plate solutions to the initial infinite plate
solution Solinit as shown in Figure 6.4. The additional infinite plate solutions are acting
to the opposite of the incidence wave on the plate edges.
=
Soledge Solinit Solr1
d
A
Fa
u1
u3
L
+ + . . .
d
Fa
u1
u3 2L - d
F a
u1
u3
Figure 6.4: Plate edge reflections using additional infinite plate solutions. First re-
flection at edge A is represented by infinite plate solution Solr1.
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The number of the additional infinite plate solutions required depends on the number of
reflections considered. The wave reflection behaviors at the plate edges are obtained using
the method outlined in Chapter 5. Depending on the plate edges, the types and amplitudes
of the reflected modes are frequency dependent. Instead of using an opposite sign for the
x-axis in the additional infinite plate solutions i.e in Solr1 (see Figure 6.4), the additional
infinite plate solutions can be calculated using the same x-axis direction as the initial
infinite plate solution Solinit. However, the signs and the amplitudes of the additional
infinite plate solutions corresponding to the reflected waves are changed according to
Table 6.1. These sign corrections are independent on the edge types (symmetrical or
unsymmetrical plate edges) but dependent on the boundary conditions of the edges (free
or fixed plate edges). In the fixed plate edges, the sign corrections for the reflected S
modes and the reflected A modes are different. On the other hand, in the free plate
edges, the sign corrections are the same for both modes. The numerical examples used
to verify the sign corrections are given in section B.2, in Appendix B. In these examples,
better agreements are obtained for the fixed edges compared to the free edges as the SAFE
method can not take into account the dynamic motions of the plate edges.
Table 6.1: Amplitude sign corrections for different edge types, edge boundary condi-
tions (BCs) and reflected Lamb modes.
Free BC Fixed BC
Edges S modes A modes S modes A modes
ux uy uz ux uy uz ux uy uz ux uy uz
Symmetrical +1 −1 −1 +1 −1 −1 −1 +1 +1 +1 −1 −1
Unsymmetrical +1 −1 −1 +1 −1 −1 −1 +1 +1 +1 −1 −1
6.5 Application examples
6.5.1 Mode tuning
The Lamb wave phased array actuation/sensing concept has been applied to the isotropic
plates actuated by piezoceramic actuator in [6, 69, 73]. This actuation concept has been
extended to the composite plates by using a quasi-isotropic mode which has an almost
circular group velocity, in a modified phased array algorithm [74, 75]. The main problem
of this approach is that, this certain mode needs to be excited without exciting other
modes as well. In the examples given in [74], an A2 mode has been used and excited using
an air-coupled ultrasonic transducer in an unidirectional composite plate. However, the
use of such air-coupled ultrasonic transducers is not practical for the in-situ SHM system
in comparison to the piezoceramic actuators.
The key in the application of phased array concept for Lamb waves is to obtain a sin-
gle mode with one value of group velocity. The SAFE method can be used to calculate
the frequency where only the S0 mode is excited in the plate from a thin fully coupled
piezoelectric strip transducers. This frequency, where the A0 mode is zero, is denoted
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as the tuning frequency [39]. From the previous section, the response in the plate is ob-
tained form the contribution of each Lamb mode involved at a certain circular frequency
ω. The normalized displacement amplitude and the normalized strain amplitude for each
mode can be derived from the same equation. Then, the tuning frequency points are ob-
tained from the normalized strain curves. From equation (6.4), the vector of displacement
amplitude of a particular mode r at the frequency ω for x > xp is given by
ur(x, ω) = −i Q
T
r F
QTr BQr
exp (−ikrx). (6.34)
The strain amplitude along the x axis due to the excited point force is obtained by
differentiating (6.34) with respect to the x axis as
εrxx(x, ω) = −kr
QTr F
QTr BQr
exp (−ikrx). (6.35)
Perfect bonding condition is assumed between the piezoelectric actuator strip and the
infinite plate as shown in Figure 6.5. The forces from the thin actuator with a length of
2a can be simplified as two point forces acting at the end of the actuator at points −a and
a respectively, as shown in [39]. The shear lag effect from the adhesive layer is neglected
for the thin actuator considered. The harmonic shear stress distribution on top of the
plate is then given by
τ(x) = aτ0 [δ(x− a)− δ(x+ a)] (6.36)
where τ0 is the shear stress amplitude. The Fourier transform of eq.(6.36) is
τ¯(x) = aτ0[−2i sin kra]. (6.37)
By applying the equation (6.37) in the f¯ term at the corresponding degrees of freedom
in the equations (6.34) and (6.35) yield the displacement and strain amplitude for each
mode r. The curves showing the variation of the strain amplitude with respect to ω can
be plotted for both fundamental symmetric S0 and antisymmetric A0 modes. From this
curves, the tuning frequency in the plate is obtained. A comparison is made with the ap-
proach in [6] for a 7mm length thin piezoelectric actuator fully attached to a 1.6mm thick
aluminum plate. Good agreements are obtained as shown in Figure 6.6. This approach
can be extended easily to the composite plates and require no analytical displacement
and strain terms. Therefore, it is not limited to the isotropic plates only as the approach
shown in [39].
The tuning frequency is also calculated for a 1mm thick [45◦/ − 45◦/0◦/90◦]s composite
τ(x)
Infinite plateActuator 
perfect
 bondingActual model Simplified model
a−a2a
Figure 6.5: Simplified model for a perfectly bonded actuator.
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(b) proposed approach using SAFE. The tuning frequencies are marked with dots.
Table 6.2: Homogenized elastic properties for the T300/914 laminate at 00degree [8]
(elastic constants in GPa).
C11 C12 C13 C22 C23 C33 C44 C55 C66 ρ (kg/m
3)
143.8 6.2 6.2 13.3 6.5 13.3 3.6 5.7 5.7 1560
plate. The material properties of the plate are given in Table 6.2. Due to the material
anisotropy, there are at least three modes in the low frequency range, as shown in Figure
6.7(a). The normalized strain amplitude curves are shown in Figure 6.7(b). The tuning
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frequency obtained is at 175kHz (denoted by a dot). At this frequency, the normalized
strain amplitude curves for the SH0 and A0 modes are at minimum. Thus, only the S0
mode is exited. Figures 6.7(c) and 6.7(d) show the variation of the phase velocity curves
with the wave propagation angles for the S0, A0 and SH0 modes, respectively, at the
tuning frequency (175kHz). From these figures, the A0 mode is highly dependent on the
wave propagation angle. However, both, the S0 and SH0 modes, have no dependence on
the wave propagation angle at this frequency. The variation of the tuning frequency with
the wave propagation angle is shown in Figure 6.7(e). This curve is similar with the phase
velocity curve for the A0 mode (6.7(d)).
Thus, it can be concluded for this composite plate, the tuning frequency is only depen-
dent on the A0 mode. For verification, simulations are made using Abaqus for different
excitation center frequencies as shown in Figure 6.8. At 175kHz the amplitude of the A0
mode becomes minimum which corresponds correctly with the tuning frequency obtained
from Figure 6.7(b). In these FE simulations, a five cycles tone burst Hann window is
used as the point force and plain strain CPE4 elements (with 16 elements per 1mm) are
applied to model the plate.
In the phased array actuation, the delay and sum beam forming method is used for the
wave beam steering. The basic idea of this method is to apply an appropriate phase
delay on each element of the phased array so that the output, which is the summation of
the output from each element, is reinforced in the desired direction. In the following, an
element En in a linear phased array as shown in Figure 6.9 is considered.
The beamformer output signal in direction ~ξ is given as
z(t) =
N−1∑
n=0
wnyn(t−∆n), (6.38)
where yn(t) is the output of each element, ∆n is the phase delay, wn is the amplitude
weighting factor, and z(t) is the output of the array. The values of ∆n depend on the
beamforming direction and the positions of the array elements. Under a far field assump-
tion, the phase delay for steering the wave beam into a certain direction can be calculated
as
∆n = −
~ξ · ~sn
c
, (6.39)
where ~ξ is the unit vector for the steering direction, ~sn is the position vector of the actual
array element position and c is the wave phase velocity.
The main challenge in applying a phased array actuation concept for Lamb waves is
the selection of the value c. Lamb waves are multi-modal, thus more than one value of
the wave phase velocity are available. This problem can be solved by using the tuning
frequency obtained in section 6.5.1. At this frequency, only one mode is highly excited
while the other modes are being suppressed. Thus, in isotropic plates, by exciting at the
tuning frequency, a single value of c can be obtained and used to direct Lamb waves to
certain direction.
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For example, a simulation in Abaqus has been made for a 1mm thick aluminum plate. To
reduce the computational time, the plate is modelled using shell elements (S4R). A linear
phase array with nine actuating elements is used. Each actuating element is a circular
piezoelectric actuator with a diameter of 7mm. The actuator is modelled using solid
elements (C3D8R). The piezoelectric effects and delays for each phased array actuating
element are done using the VUMAT subroutine. The excitation frequency is set to be
equal to the tuning frequency at 176kHz. The time delay is chosen to direct the wave at
45◦ angle from x-axis. The obtained displacements on the plate are given in Figure 6.10
showing the waves being directed at 45◦ angle.
However, for general composite plates, the value of the tuning frequency is dependent on
the wave propagation angle. Thus, different tuning frequencies are needed for different
wave propagation angles. Figure 6.11 shows the phased array actuation example for a
1mm thick [45◦/−45◦/0◦/90◦]s composite plate. The same type of phased array and FEM
modelling technique are used. The time delay is chosen to direct the wave at 45◦ angle.
Thus, the tuning frequency at 45◦ angle is required, which is 141kHz.
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Figure 6.7: (a) Phase velocity curves at 00degree, (b) Normalized strain curves at
00degree (dot at tuning frequency = 175kHz), (c) S0 and SH0 modes phase velocity
curves at 175kHz, (d) A0 modes phase velocity curve at 175kHz, and (e) Variation of
tuning frequency with wave propagation angle.
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Figure 6.8: Emission of A0 and S0 waves using a point force source at t = 40µs and
propagation angle 0◦. The propagation velocity of the A0 mode increases with frequency
and the emitted amplitude reaches a minimum at 175kHz. Shown are the displacement
vectors.
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Figure 6.9: Phased array model.
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Figure 6.10: Abaqus simulation showing 45◦ beam steering in a 1mm thick aluminum
plate using 9 element linear phased array at t = 17µs. Excitation (tuning) frequency is
176kHz.
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Figure 6.11: Abaqus simulation showing 45◦ beam steering in a 1mm thick [45◦/ −
45◦/0◦/90◦]s composite plate using 9 element linear phased array at t = 15µs. Excita-
tion (tuning) frequency is 141kHz.
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6.5.2 2D force response simulation
The simplification for perfectly bonded thin actuators are assumed here. Therefore, the
actuator is modelled as two point force acting at opposite direction at the end of the
actuator edges. Time response simulations are made for a 1mm thick aluminum plate
with a 6mm length actuator attached on the top surface, as shown in Figure 6.12(a).
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Figure 6.12: (a) 2D force response model for perfectly bonded actuator, and (b)
Displacement at location d = 80mm.
Five cycles tone burst with Hann window at center frequency 250kHz is used as the
excitation force. At this excitation frequency, only the S0 and the A0 modes are exited
in the plate. The displacement results at a point located at a distance of d = 80mm is
compared with Abaqus in Figure 6.12(b). A good agreement has been obtained.
The same model is extended for plate edge reflection examples as shown in Figure 6.13(a).
Two vertical plate edges, edge A and edge B are located at both ends of the plate length.
The same excitation force as in the case of the infinite plate example has been used. Thus,
at this excitation frequency, only the S0 and the A0 modes need to be considered as the
incidence Lamb modes.
The reflection behavior at the vertical plate edge for both modes are given in Figure
6.13(b). As the vertical plate edge is symmetric, the type of reflected modes are always
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Figure 6.13: (a) 2D force response model for perfectly bonded acstuator with vertical
plate edges A and B, and (b) Vertical edge reflection coefficient for aluminum plate with
S0 and A0 as incidence waves.
the same as the incidence mode. The displacement results at a point located at a distance
of d = 20mm and d = 170mm are compared with Abaqus as shown in Figure 6.14.
The number of edge reflections depend on the simulation time considered. The longer
the simulation time, the more reflections occur in the plate. For the point located at
d = 170mm, which is near to the vertical edge A, only the reflection from vertical edge
A need to be considered. Reflection from the vertical edge B has not reach this point
within the simulation time duration. However, for the point located at d = 20mm, both
reflections from vertical edges A and B, need to be considered within the simulation time
duration.
The force response analysis can also be verified by calculating the dispersion curves from
the obtained displacement results. Here, a typical procedure in calculating dispersion
curves from experimental procedure is simulated. A set of out of plane displacements
for several points along a straight line on the plate surface is calculated. Out of plane
plate displacement is a typical measurement using laser vibrometer equipment. The same
model as shown in Figure 6.14 is used. However, the center frequency of the loads is
100kHz. Displacements are calculated for points located at position d = 150mm to
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Figure 6.14: Displacement of points located at a distance (a) d = 20mm, and (b)
d = 170mm.
d = 250mm with interval of 2mm between each point (a total of 51 points). Using
2D Fourier transformation [113], the dispersion relationship between wavenumber and
frequency is obtained as shown in Figure 6.15. In obtaining these dispersion curves, the
distance between the first and the last point considered is more important than the total
number of points involved (compare Figure 6.16(a) and 6.16(b)). A larger distance in
the space domain means higher resolution in the wavenumber domain (compare Figure
6.16(b) and 6.16(c)). This is analogous to the longer simulation time in the time domain
that gives higher resolution in the frequency domain. With higher resolutions, the peaks
of the 2D Fourier transformation coefficients corresponding to the dispersion curve lines
can be seen more clearly.
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6.5.3 3D force response simulation
In the available literatures [75, 82, 158], 3D force response analysis have been made by
coupling the SAFE method and the stationary phase method. However in their simu-
lations, the applied point force is only at the origin of the plate coordinate as shown in
Figure 6.17. In the following, an approach by considering additional phases in the solu-
tions is developed to enable the point force locations to be shifted from the origin of the
plate coordinate.
x
y
z
f(t)
Figure 6.17: Point force applied at the origin of the plate coordinate
In order to understand why additional phases are considered, consider the case when the
point force is applied at the origin of the plate coordinate in an infinite isotropic plate.
The problem can be reduced to an axisymmetric problem where the point force is applied
at the axisymmetric axis as shown in Figure 6.18. Displacements are calculated at a point
located at a distance d from the origin. This point is located to the right of the origin
(positive u1 axis). Displacements are obtained as a summation of contributions from right
going waves and left going waves. Actually both wave directions are outward going waves.
Here we denoted them as right going waves and left going waves depending on the sign
of u1 axis for convenience.
u1
u3
Point force 
axisymmetric axis
Right going 
wavesLeft going 
waves
d
Monitored 
point
Figure 6.18: Axisymmetric model of point force applied at the origin of the plate
coordinate
In the positive u1 axis direction left going waves will have the same phase as right going
waves. Therefore, to calculate the displacements, contributions of both wave directions
can be added together without considering the phase. The same conclusion can also
be made if the measured point is located to the left of the origin (negative u1 axis).
However, when the point force is not applied at the origin as shown in Figure 6.19, the
phase difference between right going waves and left going waves (which contributes to the
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Figure 6.19: Axisymmetric model of point force applied at shifted position from the
origin of the plate coordinate
right direction) need to be considered in calculating the displacements as shown in the
next section. This additional phase term φadd is added to BM term in the equation (6.27)
giving
BM =
|kM |√
2pi|Φ′′M |
e−i(sign(Φ
′′
M )pi/4+φadd). (6.40)
For simplification, consider an infinite isotropic plate made from aluminum with a thick-
ness of 1mm, a Young’s modulus of 70GPa, a density of 2700kg/m3 and a Poisson ratio
of 0.33. Due to the material isotropy, the 3D force response problem can be reduced to
an axisymmetric problem in the FEM. Thus, less computational resources are required
for the calculation of our comparison results using Abaqus. In all excitation cases, the
point force is equal to 1N, and taken as a five cycle Hann windowed tone burst with a
center frequency of 250kHz. The displacements are calculated at a point on the top plate
surface with the distance from origin of d = 80mm.
Figure 6.20 shows the comparison of the displacement results calculated using the SAFE
method applying the stationary phase method and Abaqus. As the point force is located
at the origin of the plate coordinate, no additional phase is required. For the symmetric
Lamb modes excitation, the comparison of displacement results is shown in Figure 6.21.
In this case, a phase shift of φadd = pi is added to the solution of the left going waves.
The comparisons of the anti-symmetric Lamb mode excitation is shown in Figure 6.22.
In this case, additional phase shifts are needed for both right going wave and left going
wave. Additional phases of φadd = pi/2 and φadd = pi are added to the right going wave
and left going wave, respectively.
For some excitations that involve both symmetric and anti-symmetric Lamb modes, for
example, the excitation in Figure 6.23, the excitation can be decomposed into symmetric
and anti-symmetric Lamb mode excitations as shown in Figures 6.21 and 6.22, respec-
tively. By adding the contributions from both symmetric and anti-symmetric modes, the
total displacements can be obtained as given in Figure 6.23. However, the excitation as
in Figure 6.24 can not be decomposed into symmetric and anti-symmetric modes. Based
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Figure 6.20: Result comparisons between the Abaqus and the SAFE method: point
force at the origin of the plate coordinate.
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Figure 6.21: Result comparisons between the Abaqus and the SAFE method: sym-
metric Lamb modes excitation.
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Figure 6.22: Result comparisons between the Abaqus and the SAFE method: anti-
symmetric Lamb modes excitation.
on the trials made, the additional phase obtained specifically for this loading case is
φadd = −pi/2.
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Figure 6.23: Result comparisons between the Abaqus and the SAFE method: hori-
zontal point force located 3mm from the origin of the plate coordinate.
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Figure 6.24: Result comparisons between the Abaqus and the SAFE method: vertical
point force located 3mm from the origin of the plate coordinate.
Plate edge reflections can also be considered in the 3D case by applying the approach
outlined in section B.2 as shown in Figure 6.25. The same plate and excitation force as
mention before are used. The half plate length (or radius) is 150mm. The displacements
are calculated at a point located at a distance of 75mm from the origin. Good agreements
are obtained between the SAFE method and reference results in Abaqus.
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Figure 6.25: Result comparisons between Abaqus and SAFE: vertical point force
located at the origin of the plate coordinate. Plate edge A is fixed.
6.5.4 Voltage response by rectangular strain sensors
Strain sensors are considered as it is more suitable for portable Lamb wave based SHM
systems. Examples of the strain sensors are the piezoelectric (PZT) sensors and the micro-
fiber composite (MFC) sensors. An approach to obtain the response of the rectangular
piezoelectric and MFC sensors for isotropic plates is given in [7, 76, 77]. Within these
reference papers, the analytical strain term for isotropic material [79] is applied in the
sensors response equation. However, in general, such analytical strain terms are unavail-
able for composite plates. Thus, to extend the approach for composite plates, the SAFE
method is used to calculate these strain terms, as given by equation (6.35). In composite
plates, the sensor responses will depend not only on the rectangular sensor dimensions
but also on the anisotropic material properties. However, for comparison purpose, only
the rectangular PZT sensors on isotropic plates are being considered for the examples
given in this section. The same approach can be extended to MFC actuators applying
the formulation in [77].
6.5.4.1 Harmonic voltage response generated by rectangular piezoelectric
sensor
Consider a plane wave propagating at an angle θ to a rectangular sensor as shown in Figure
6.26 with thickness hˆ, length l and width b, respectively. The PZT sensor is assumed to
be transversal isotropic with the plane of isotropy in the 1-2 plane and poling along the
thickness in the 3 direction.
The direct piezoelectric effect, eq.(6.41), and the converse piezoelectric effect, eq.(6.42),
are given by
D = e(σ)E + dσ, (6.41)
σ = −(dC(E))TE + C(E)ε, (6.42)
where D is the charge density vector e(σ) is the dielectric permittivity at zero stress, E
is the electric field, d is the piezoelectric coefficient, σ is the stress, C(E) is the elastic
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Figure 6.26: Plane Lamb wave in a general oblique incidence to a rectangular strain
sensor.
stiffness matrix at a zero electric field, ε is the strain and the superscript T denotes
transposed matrix, respectively. Applying plane stress conditions (σ33 = σ23 = σ13 = 0)
and by substituting eq.(6.42) into eq.(6.41), the direct piezoelectric effect is obtained as
D = dC(E)ε− d(C(E))TdTE + e(σ)E, (6.43)
∴ D3 = [d31 d32 0]
C
(E)
11 C
(E)
12 0
C
(E)
12 C
(E)
11 0
0 0 C
(E)
66

ε11ε22
γ12
− E3
d31d32
0
+ e(σ)33 E3, (6.44)
where d31 and d32 are the piezoelectric constants and ε11, ε22 and γ12 are the strain
components of the sensor. In monolith pizoelectric sensor d31 = d32. The components of
stiffness matrix C(E) are given as
C
(E)
11 =
Y (E)
1− ν2 , (6.45)
C
(E)
12 =
νY (E)
1− ν2 , (6.46)
C
(E)
66 =
Y (E)
2(1 + ν)
, (6.47)
where Y (E) and ν are the Young’s modulus and the Poissons ratio of the piezoelectric
sensor in the 1-2 plane of isotropy. Thus, eq.(6.44) becomes
D3 = d31(C
(E)
11 + C
(E)
12 )(ε11 + ε22)− [2d231(C(E)11 + C(E)12 )− e(σ)33 ]E3. (6.48)
According to [7, 169] for an open circuit piezoelectric patch the total charge over the
electrode area is zero,
∫∫
D3dxdy = 0. Thus, the transducer voltage can be obtained
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from
V = −
∫∫∫
E3dxdydz
lb
. (6.49)
By substituting eq.(6.48) into eq.(6.49) yields
V =
d31(C
(E)
11 + C
(E)
12 )hˆ
∫∫
(ε11 + ε22)dxdy
lb[e
(σ)
33 − 2d231(C(E)11 + C(E)12 )]
, (6.50)
where the in-plane normal strains are assummed to be constant through the transducer
thickness. Substituting the stiffness matrix components from equations (6.45),(6.46) and
(6.47), the voltage generated by a rectangular piezoelectric sensor as a function of the
in-plane strains is
V =
d31Y
(E)hˆ
∫∫
(ε11 + ε22)dxdy
lb[e
(σ)
33 (1− ν)− 2d231Y (E)]
. (6.51)
It is assumed, that the presence of the sensor has no significant effect on the strain
field of the incident wave. The plane wave propagates along direction x′ inclined at an
angle θ from the sensor’s lengthwise direction x as shown in Figure 6.26. The surface
strain components along the wave propagation axes (x′, y′) must be rotated to the sensor
geometrical axes (x, y). For plane waves (εy′y′ = 0), the following strain invariant can be
written as
εxx + εyy = εx′x′ + εy′y′ = εx′x′ . (6.52)
Thus, eq.(6.51) becomes
V =
d31Y
(E)hˆ
∫∫
(εx′x′)dxdy
lb[e
(σ)
33 (1− ν)− 2d231Y (E)]
. (6.53)
The strain term εx′x′ can be written in terms of modal strain amplitude Aε as
εx′x′ = Aε · eiωt−ikx′ , (6.54)
where k, ω and t are the wavenumber, the circular frequency and the time, respectively.
The voltage response to harmonic Lamb waves can be written in terms of the voltage
response amplitude V¯ as
V = V¯ eiωt. (6.55)
Thus, by solving eq.(6.53) and applying eq.(6.54), the amplitude of the voltage response
to a particular Lamb mode r for the rectangular PZT sensors becomes
V¯
(r)
PZT = SPZT · I(r)PZT · A(r)ε , (6.56)
where
SPZT =
d31Y
(E)hˆ[
e
(σ)
33 (1− ν)− 2Y (E)d231
] , (6.57)
I
(r)
PZT =
4
lbk2r sin θ cos θ
· sin
(krb sin θ
2
)
sin
(krl cos θ
2
)
. (6.58)
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Applying the relationship lima→0
(
sin(a)
a
)
= 1, the amplitude of the voltage response for
PZT sensors in the case of parallel incident waves (θ = 0) becomes
V¯
(r)
PZT = SPZT · A(r)ε ·
2
krl
sin
(krl
2
)
,
= SPZT · A(r)ε ·
λr
pil
sin
(pil
λr
)
, (6.59)
where λr is the wavelength of mode r. The equation (6.59) reduces further, when a point
sensor is considered (l, b→ 0) giving
V¯
(r)
PZT = SPZT · A(r)ε . (6.60)
An alternative formulation for the equation (6.51) is given in [135, 170], by treating the
piezoelectric sensor as a parallel plate capacitor. This formulation gives a more conserva-
tive voltage response and change only the SPZT term as
SPZT =
d31Y
(E)hˆ
e
(σ)
33 (1− ν)
. (6.61)
The effect of shear lag due to the bonding layer between the plates and the PZT sensors is
neglected in our calculation, but it can be included following the approaches in [135, 170].
For comparison purposes, the harmonic voltage response amplitude is calculated for a
rectangular PZT sensor subjected to parallel incident Lamb wave (θ = 0) on a 2.38mm
thick aluminum plate given in [7]. Four different sensor lengths l are considered, which
are 12.7mm, 6.35mm, 3.17mm and 0mm (theoritical point sensor). The results comparing
the approach in [7] and the SAFE method are given in Figure 6.27 and Figure 6.28 for
the A0 and the S0 Lamb modes, respectively. In the calculation using the SAFE method,
the Aε term is obtained from equation (6.35).
The harmonic voltage responses are normalized to an average power flow Pm, which can
be calculated using equation (5.15). Good agreements are obtained. A slight discrepancy
can be seen in Figure 6.27 for a point sensor response of the A0 mode. A good match
is obtained for all sensor length, for the S0 mode as shown in Figure 6.28. It is worth
noting that in reference [7], an analytical strain expression is used [79]. This may lead to
differences in the results as the SAFE method gives approximate solutions. However, the
analytical expression is available only for isotropic plates.
6.5.4.2 Voltage response to arbitrary excitation
In the frequency domain, a linear system response subjected to an arbitrary excitation is
obtained as the product of the system response to a harmonic excitation and the Fourier
transform of the excitation. Thus, the voltage amplitude due to an arbitrary excitation
U¯ = U¯(ω) is calculated from the voltage amplitude due to a harmonic excitation V¯ = V¯ (ω)
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Figure 6.27: Normalized harmonic voltage response of a sensor subjected to parallel
incident A0 Lamb waves with varying sensor length l from (a) Reference [7], (b) SAFE.
and the amplitude of the Fourier transform of the excitation P¯ = P¯ (ω), as
U¯ = V¯ × P¯ (6.62)
For thin sensors, the surface strain at the sensors is assumed to be concentrated at the
sensor edges. Thus, the sensor excitation is expressed in terms of the amplitude spectrum
of the surface strain induced by an arbitrary source at the point of entry into the sensor,
ε
(a)
x′x′ |z=h/2 (ω) as [7]
P¯ =
ε
(a)
x′x′ |z=h/2 (ω)
εx′x′ |z=h/2 (ω) , (6.63)
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Figure 6.28: Normalized harmonic voltage response of sensor subjected to parallel
incident S0 Lamb wave with varying sensor length, l from (a) Reference [7], (b) SAFE.
where εx′x′ |z=h/2 (ω) is the amplitude spectrum of the surface strain induced under
harmonic conditions. The harmonic surface strain field at a point is equivalent to the
sensor response to a harmonic excitation, when the sensor length l and width b are taken
to be zero (point sensor). Thus, in general, the sensor response to arbitrary excitation
becomes
U¯ = V¯ × ε
(a)
x′x′ |z=h/2 (ω)
εx′x′ |z=h/2 (ω) = V¯ ×
ε
(a)
x′x′ |z=h/2 (ω)
lim
l,b→0
V¯ /S
. (6.64)
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As an example, for PZT sensors, the term εx′x′ |z=h/2 (ω) for mode r is obtained from
equation (6.60) as
εx′x′ |z=h/2 (ω) = lim
l,b→0
V¯
(r)
PZT/SPZT = A
(r)
ε . (6.65)
In order to find the strain term at the point of entry into the sensor ε
(a)
x′x′ |z=h/2 (ω), the
FEM can be applied as outlined in [7]. However, it is difficult to excite a single mode and
also to differentiate the contribution of the available modes within the frequency range
considered. The application of an appropriate continuous wavelet transform and a time
gate may help to separate some of these modes, but can not solve the problem entirely [7].
However, by using the SAFE method, the term ε
(a)
x′x′ |z=h/2 (ω) can be calculated easily for
the single mode required. Furthermore, there is also no problem of plate edge reflection
as in the FEM, due to the fact that the plate is considered infinite in the SAFE method.
For comparison, the same excitation function as in [7] is applied for the rectangular PZT
sensor. The sensor is attached on a 2.38mm thick aluminum plate. Only parallel incidence
waves (θ = 0) are considered. The unmodulated tone burst is given in the time domain
as
f(t) =
{
D sinω0t for |t| < T
0 for |t| > T , (6.66)
where ω0, 2T , and D is the central frequency, the time duration of the wave and the
amplitude factor, respectively. The Fourier transform of this tone burst is given by
F¯ = D
sinnpi
(
ω
ω0
+ 1
)
(ω + ω0)
−
sinnpi
(
ω
ω0
− 1
)
(ω − ω0)
 , (6.67)
where n is the number of cycles within the time window. By assuming that this quan-
tity corresponds directly to the surface strain ε
(a)
x′x′ |z=h/2 (ω), the excitation amplitude
spectrum of the PZT sensors for mode r can be calculated from equation (6.63) as
P¯ =
ε
(a)
x′x′ |z=h/2 (ω)
εx′x′ |z=h/2 (ω) =
F¯
lim
l,b→0
V¯ /S
=
F¯
A
(r)
ε
. (6.68)
Substituting back equation (6.67), (6.68) and (6.59) into equation (6.62) gives the PZT
sensor response amplitude for mode r as
Uˆ = D
sinnpi
(
ω
ω0
+ 1
)
(ω + ω0)
−
sinnpi
(
ω
ω0
− 1
)
(ω − ω0)
 · SPZT · λrpil sin(pilλr
)
. (6.69)
The narrowband sensor response is plotted for the A0 mode as shown in Figure 6.29
comparing the results from [7] and the SAFE method. Three different center frequencies
for the tone burst are taken which corresponds to a large value (fmax at λ = 2l), an
intermediate value (fint) and the first zero value (fmin at λ = l) of the sensor response
to the harmonic A0 mode. These frequencies are fmax = 0.35MHz, fint = 0.55MHz
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and fmin = 0.84MHz, respectively. Comparing the results between reference [7] and the
SAFE method for the tone burst excitation, there are some amplitude differences due to
the factor D, the factor SPZT and the number of cycles n. These values were not given
in the reference [7]. Therefore, the values of n = 5, SPZT = 1 and D = 1 have been used
in the calculations using the SAFE method. However, good agreements are observed for
the peak locations.
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6.5.5 Actuator/sensor coupled system simulation
The SAFE method has been coupled with the FEM in [156] to simulate thick actuators.
By applying the same approach here, the couple SAFE-FE method is used to simulate
both actuator and sensor. The actuator and sensor are represented in the FEM using
the piezoelectric elements. This approach is useful when the shear lag effects can not be
neglected especially in thick actuators and sensors. Consider a piezoelectric actuator strip
with a length of 2a attached on the plate as shown in Figure 6.30.
Piezoelectric 
actuator 
(modelled with FE)
z
x Plate
(modelled with SAFE)
aa
Voltage
Figure 6.30: Piezoelectric actuator attached on an infinite plate.
The response of the plate to forces at each degree of freedom (dof) in contact with the
piezoelectric actuator is computed from eq.(6.4). The plate receptance rij is defined as
the response at dof i due to a unit force applied at dof j, i.e. ui = rijfj. Thus, the
displacements at the interface dof (Uint) due to the forces at the interface dof can be
related by the receptance matrix R as
Uint = RFint. (6.70)
For example, if the actuator and the plate are connected at node number 1 and 2, then
in a 2D force response analysis, equation 6.70 can be written as
ux1
uz1
ux2
uz2
 =

rx1x1 rx1z1 . .
rz1x1 rz1z1 . .
. . rx2x2 rx2z2
. . rz2x2 rz2z2


fx1
fz1
fx2
fz2
 . (6.71)
The coupling between the displacements and the loads for different nodes at the inter-
face is already included in the piezoelectric element formulation in the FEM. Thus, the
displacements and the forces are related only at the same node in equation 6.71.
The response of the plate is computed for a particular frequency of harmonic excitation.
Therefore, the inverse of R gives matrix Dplate, which is the dynamic stiffness matrix of
the plate at these interface nodes. Thus
DplateUint = Fint. (6.72)
The matrix Dplate is symmetric and fully populated [156]. Dynamic stiffness matrix of
the piezoelectric actuator Dpiezo is computed at a particular circular frequency ω as
Dpiezo = Kpiezo − ω2Mpiezo. (6.73)
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For piezoelectric elements, there are additional degrees of freedom at the nodes corre-
sponding to the nodal electrical potential. The matrix Dpiezo can be partitioned into the
degrees of freedom in contact with the plate, Uint and the degrees of freedom not in con-
tact with the plate, Unon. Thus, the two dynamic stiffness matrices from the plate and
the actuator are combined to represent the piezoelectric actuator attached to the plate as[
Dpiezonon−non D
piezo
non−int
Dpiezoint−non D
piezo
int−int + D
plate
]{
Unon
Uint
}
=
{
Fnon
Fint
}
. (6.74)
The piezoelectric actuator are subjected to an electrical potential at the top surface and
zero electrical potential at the bottom surface. By applying these boundary conditions
with zero forces on the actuator, equation 6.74 is solved to get the actuator displacements.
The displacements Uint at the interface nodes are substituted into equation 6.72 to obtain
the forces Fint acting on the plate at the interface nodes. Fint is then used in equation
(6.4) to obtain the plate displacements at any x distances. This approach allows the
computation of the forced harmonic response of the piezoelectric transducers attached to
the plates.
For comparison purpose, a piezoelectric actuator with a thickness of 0.2mm and a length
of 2a = 6mm, attached on a 1mm thick aluminum plate is simulated. The material
properties of the piezoelectric actuator are given in Table 6.3. The aluminum plate has a
Young’s modulus of 70GPa, a Poisson’s ratio of 0.33 and a density of 2700kg/m−3. The
electrical potentials at the top and bottom actuator surfaces are 5 and 0 volts, respectively.
These electrical potential are Hann windowed with a center frequency of 250kHz and 5
number of cycles. The actuator is modelled in Abaqus using square CPE4E piezoelectric
plain strain elements with the element length of 0.1mm. The plate is modelled using the
SAFE method with 5 quadratic 1D elements in the plate thickness. Displacements for
a point located at a distance of 80mm from the center of the actuator are calculated.
Results are compared with a fully FEM simulation in Abaqus as shown in Figure 6.31.
A good agreement has been obtained. Two modes can be seen, S0 mode followed by A0
mode. The values of the displacement results obtained using the SAFE-FE method are
slightly higher than the Abaqus results especially for the A0 mode.
Table 6.3: Piezoelectrical material with a transversal isotropic material properties.
The electric constant is e0 = 8.8542× 10−12As/(Vm). The poling is in the 3rd direction.
Plane 1− 2 is the plane of isotropy.
Parameters Values Parameters Values
C
(E)
11 1.0772× 1011N/m2 d31 −2.14× 10−10m/V
C
(E)
33 1.0052× 1011N/m2 d33 4.23× 10−10m/V
C
(E)
55 0.1962× 1011N/m2 d15 6.10× 10−10m/V
C
(E)
12 0.6326× 1011N/m2 e(σ)11 /e0 1936
C
(E)
13 0.6398× 1011N/m2 e(σ)33 /e0 2109
C
(E)
44 0.1962× 1011N/m2 ρ 7760 kg/m3
C
(E)
66 0.2224× 1011N/m2
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Figure 6.31: Displacement results for a point located at a distance of 80mm from the
actuator; (a) Displacements along x axis, and (b) Displacements along z axis.
The same SAFE-FE modelling approach can be used to obtain the electrical potentials
in sensors due to the Lamb wave propagations. For the sensors, it is assumed that the
sensor bottom surface has a zero electrical potential. By applying this electrical potential
and the displacements of the bottom surface nodes (interface nodes) Uint in the equation
6.74, the nodal electrical potentials at the sensor top surface are calculated. The nodal
electrical potentials are averaged by summing the electrical potentials from every nodes
on the sensor top surface and then dividing it with the total number of nodes considered.
This yields the value of the average electrical potential on the sensor top surface.
As an example, the previous numerical example is extended by adding a sensor located
at a distance of 80mm from the actuator. The sensor material properties, dimensions and
FE model are equal to the actuator. The induced plate displacements by the actuator are
converted into electrical potentials in the sensor . The average electrical potential on the
sensor top surface is calculated using the SAFE-FE method and compared to the FEM
result calculated using Abaqus. A good agreement has been obtained as shown in Figure
6.32.
The effect of an obstacle on the Lamb wave propagation can be simulated using the
reflection and transmission coefficients obtained from the method outlined in Chapter
5. By multiplying the transmission coefficients on the amplitude of each Lamb mode
considered, the sensor response with the presence of the obstacle can be calculated. As
an example, a lap joint is considered as an obstacle in a 1mm thick aluminum plate. The
geometry of the lap joint and the reflection and the transmission coefficients of the lap
joint are shown in the Figures 6.33 and 6.34, respectively. In the SAFE-FE method, the
actuator, the lap joint and the sensor are simulated using FEM while the infinite plate
regions are simulated using the SAFE method. The same material, elements and boundary
conditions as in the previous examples are applied to the actuator and the sensor. The
plate is modelled using 5 quadratic 1D elements in the SAFE method. The lap joint is
modelled using square plain strain elements (CPE4) in Abaqus with the element length of
0.1mm. A comparison with a FEM simulation in Abaqus is shown in Figure 6.35. There
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Figure 6.32: Average electrical potential on the top surface of a sensor located at a
distance of 80mm from the actuator.
is a slight amplitude disagreement in the average electrical potential on the sensor top
surface. This is caused by the dynamic motions of the lap joint which are not taken into
considerations in the SAFE-FE method.
From the Figure 6.35, at the simulation time below 0.7 × 10−3s, the reflections from
the actuator and the sensor does not need to be considered. This is due to the fact
that the lap joint is located at the middle between the actuator and the sensor with
d1 = d2 = 114.5mm. However, when the lap joint location is changed to other locations
as given in Table 6.4, there are reflections from the nearest transducer (either actuator or
sensor, whichever is nearer), as shown in Figure 6.36. All the Abaqus solutions for different
lap joint locations coincide at the first part, which corresponds to the effects of the lap
joint. From these Abaqus results, we can conclude that the differences in the lap joint
locations does not require different treatment in the SAFE-FE method as long as the total
distances between actuator and sensor remain the same. Only the additional reflections
from the actuator and sensor are required to be added to the solutions. However, only
the lap joint effects are being considered in the SAFE-FE method; the results are shown
in the Figure 6.36. Thus the effects from the actuator/sensor are not available.
Table 6.4: Locations of the lap joint with respect to the actuator and the sensor
Location d1(mm) d2(mm)
a 65 164
b 105 124
c 114.5 114.5
d 164 65
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Figure 6.33: A lap joint located between an actuator and a sensor in a 1mm thick
infinite aluminum plate.
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Figure 6.34: The reflection and the transmission coefficients of the lap joint due to
the A0 and the S0 incidence Lamb waves.
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Figure 6.35: Average electrical potential on the top surface of the sensor.
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Figure 6.36: Average electrical potential on the top surface of the sensor for different
lap joint locations (locations a to d).
Chapter 7
Conclusions and Future research
7.1 Conclusions
The three main capabilities of the SAFE method in the Lamb wave simulations have been
explored in this thesis; (a) the calculation of the dispersion curves, (b) the reflection and
transmission analysis due to obstacles, and (c) the force response analysis.
In the dispersion curves calculations, the SAFE method has been shown to be applicable
for both isotropic and composite plates. The effects of symmetrical and unsymmetrical
material properties with respect to the plate center plane is presented. The effects of the
in-plane loading on the dispersion curves in isotropic plates are given which are limited
to very frequency ranges. The example on the skew angle calculations illustrate the
differences between the Lamb wave propagation directions and the group velocity (wave
energy) directions commonly found in composite plates.
In the reflection and transmission analysis, the effects of symmetrical and unsymmetrical
obstacles on the plane Lamb wave propagations are shown. Complex obstacles have been
considered. Symmetrical obstacles reflect and transmit the same type of modes as the
incidence Lamb modes. On the other hand, unsymmetrical obstacles always reflect and
transmit both types of Lamb modes. The same analysis is extended to transducers and
stiffeners on the plates. It is shown that a lighter transducer has lesser effect on Lamb wave
propagations. In the case of the stiffener analysis, the reflections inside the stiffener cause
a complex behavior in the Lamb wave reflections and transmissions. The stiffener base
length is found to have insignificant effects on the Lamb wave reflection and transmission
behavior.
In the force response analysis, the application of the SAFE method for 2D and 3D force
response analysis are shown. An approach is introduced to consider the plate edges
reflections as a superposition of infinite plate solutions. Additional phases are considered
to allow the simulation of point forces which are not located at the origin. The application
of the coupled SAFE-FE method for modelling actuator-obstacle-sensor coupled system
is also presented.
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The following conclusions are made about the observed advantages and disadvantages/lim-
itations of the the SAFE method compared to the FEM.
Advantages of SAFE:
• The SAFE method is suitable for the dispersion curves calculations for both isotropic
and composite plates. In contrast, dispersion curves are more difficult to obtain
using other methods [4]. However, in the SAFE method, homogenized material
properties need to be used for each layer. Each different material layer in the plate
needs to be represented by at least one element.
• The different types of modes are already separated in the SAFE method. This is
a huge advantage when particular modes are of interest. As the modes are sep-
arated, the influence on the reflections, the transmissions and the force responses
can be obtained separately for each mode. The total solution is then obtained as
a summation of the solutions from each participating mode. On the other hand
in the FEM, the solutions obtained include all the modes involved and can not be
separated easily according to each mode.
• The SAFE method is based on infinite plates (or waveguides). Thus, it is suitable
for the analysis if the plate boundaries are irrelevant. This is normally the case for
actuator and sensor simulations. Furthermore, this feature is useful for a compar-
ison with experimental investigations as the effects of the boundaries are normally
excluded by using clay at the plate edges to avoid any edge reflections. However
in the FEM simulations, special types of the infinite elements need to be used to
simulate infinite boundaries. Infinite boundaries are also achieved in the FEM by
coupling the FEM with the boundary element method (BEM) as it is normally
applied in acoustic simulations.
• The SAFE method is tuned for wave propagation problems. In this method, the
wave propagation direction is represented by exponential functions. Thus, in order
to represent the wavelength, the SAFE method is not affected by small element
requirements as in the FEM. Only the discretizations in the thickness of the plates
are affected by this requirements.
• By applying the Fourier transform method in the force response analysis, the SAFE
method is efficient in obtaining the displacement solutions of particular points as a
function of time. The distances between these points and the excitation sources does
not affect the computational time. In contrast, the FEM requires more elements if
the measured displacement points are located further away from the loading source.
However, the FEM solves the displacements for all points in the model at each
time increment. Iterations are made to consider all the time increment until the
simulation time ended. On the other hand in the SAFE method, iterations are made
at each point in the model where solutions are required. Thus, the SAFE method
is more suitable than the FEM if only solutions at small regions are required.
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Disadvantages/limitations of SAFE:
• Due to the fact that the SAFE method is tuned to the wave propagation problems,
it is not as robust as the FEM, which can be applied to a wide range of problems.
• The SAFE method needs to be coupled with other methods i.e FEM and BEM in
order to handle complex geometries. Thus, the application of the SAFE method is
limited to infinite regions of waveguides only.
• In the force response analysis, the SAFE method is affected by typical problems in
the numerical computations of the Fourier transform using the Fast Fourier trans-
form (FFT). Due to periodicity assumption in the FFT, solutions at the end of
simulation time should be equal to solutions at the beginning of simulation time
(wrap-around effects). Thus, the solutions at the beginning are polluted (non zero)
if the solutions at the end of simulation time are not zero.
• The SAFE method is based on infinite waveguides. Therefore, an additional ap-
proach is required to apply this method to finite plates, and to consider the reflec-
tions from the plate edges in the force response simulations.
• The SAFE method can not consider all effects at once as in the FEM. Each effect in
the wave propagation behavior needs to be included separately and then added up
together. The solutions are also obtained separately for each mode. Thus, the total
responses of the whole plate are obtained as a summation of the mode responses.
• The SAFE method allows the material property variations only in the plate thick-
ness direction. Thus, the SAFE method is no longer applicable when the material
properties are varied along the wave propagation directions. Other methods such
as the WFE method, have to be used in this case. An introduction to this method
is given in Appendix C. However, in comparison to the WFE method, the SAFE
method is still an easier and faster method to obtain the dispersion curves, if the
plate material properties vary only in the thickness direction, i.e in laminated com-
posite plates.
These advantages and disadvantages/limitations of the SAFE method for the Lamb wave
simulations are summarized in Tables 7.1 and 7.2, respectively. The novelties of the
presented work are in the studies of
• the effects of the symmetrical and the unsymmetrical material arrangements on the
plate dispersion curves,
• the effects of the complex symmetrical and the unsymmetrical obstacles on the Lamb
wave propagation behaviors,
• the calculation of the mode tuning curves for composite plates,
• the approach for modelling the point forces in the 3D force response analysis, and
• the approach for modelling the plate edges in the transient response analysis using
the SAFE method.
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Table 7.1: Advantages of the SAFE method.
Suitable for dispersion curves calculation
Mode readily differentiated
Tuned to the wave propagation problems (no severe element size requirements)
Suitable for infinite plates/waveguides
Faster than the FEM for small solutions
Each effects/interactions in the wave propagations are separated
Table 7.2: Disadvantages/Limitations of the SAFE method.
Not robust/applicable for many problems
Affected by numerical problem from FFT (wrap-around effects)
Require other method to handle complex geometry
Require additional approaches for finite plates
Plate material variation is limited along thickness direction
Each effects/interactions in the wave propagations need to be included separately
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7.2 Future research
The examples given for the applications of the SAFE method are not exhaustive. This
method has the potentials to be extended for solving other suitable problems. Some of
the interesting problems are as follows:
• The Lamb wave reflection and transmission behavior in structures with branches.
In this case, the number of boundaries between the SAFE and the FE regions are
more than two and depend on the number of branches considered.
• The simulations of 3D obstacles with the considerations for non-plane waves.
• The implementation of the SAFE software into standard commercial FEM software,
such as Abaqus.
• The simulation of complex actuator and sensor shapes.
• The inclusion of damping in the reflections and the force response analysis.
• The consideration of more than one stationary point in the stationary phased
method for the simulation of general composite plates.
• The consideration of in-plane loads in composite plates. In composite plates, these
in-plane loads may be directionally dependent.
• The application of the SAFE method to optimization procedures for determining
the plate material properties.
Another point worth noting is that by using the SAFE method, only two main results
are obtained; (i) the wavenumbers (from the eigenvalues), and (ii) the plate mode shapes
(from the eigenvectors). By manipulating these two results and by applying other methods
such as the FEM and the stationary phased method, the SAFE method has been used
to study the effects of obstacles and also the force response analysis. Theoretically, the
approaches presented in this work can be extended also to other numerical methods which
produce wavenumbers and mode shapes of plates, i.e the WFE method.
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A.1 Vertical plate edge reflection
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Figure A.1: Vertical plate edge reflection; (a) from Reference [5], (b) SAFE-FE
implementation here. Isotropic plate data: ν = 0.25, h = 2mm, cL = 1km/s and
cT = 1/
√
3km/s.
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A.2 Unsymmetric plate edge reflection
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Figure A.2: A0 mode reflection by an inclined free edge (45
◦); (a) SAFE-FE model,
(b) Symmetric modes reflection, (c) Anti-symmetric modes reflection, (d) Percentage of
energy error.
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A.3 SAFE-FE middle plate reflection
A.3.1 Without damages
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Figure A.3: SAFE-FE coupling at the middle of the plate (without damages) with S0
incident wave; (a) SAFE-FE model, (b) Percentage of energy error, (c) Anti-symmetric
modes reflection, (d) Symmetric modes reflection, (e) Anti-symmetric modes transmis-
sion, (f) Symmetric modes transmission.
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Figure A.4: SAFE-FE coupling at the middle of the plate (without damages) with A0
incident wave; (a) SAFE-FE model, (b) Percentage of energy error, (c) Anti-symmetric
modes reflection, (d) Symmetric modes reflection, (e) Anti-symmetric modes transmis-
sion, (f) Symmetric modes transmission.
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A.3.2 Complex symmetric obstacle
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Figure A.5: SAFE-FE coupling at the middle of the plate (complex obstacle) with
A0 incident wave; (a) SAFE-FE model, (b) Anti-symmetric modes reflection, (c) Sym-
metric modes reflection, (d) Anti-symmetric modes transmission, (e) Symmetric modes
transmission. Maximum absolute value for percentage of energy error is 3−10.
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A.3.3 Different materials
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Figure A.6: SAFE-FE coupling at the middle of the plate (different materials) with S0
incident wave; (a) SAFE-FE model, (b) Percentage of energy error, (c) Anti-symmetric
modes reflection, (d) Symmetric modes reflection, (e) Anti-symmetric modes transmis-
sion, (f) Symmetric modes transmission. Material properties for unidirectional compos-
ite is given in Table 4.1.
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Figure A.7: SAFE-FE coupling at the middle of the plate (different materials) with A0
incident wave; (a) SAFE-FE model, (b) Percentage of energy error, (c) Anti-symmetric
modes reflection, (d) Symmetric modes reflection, (e) Anti-symmetric modes transmis-
sion, (f) Symmetric modes transmission. Material properties for unidirectional compos-
ite is given in Table 4.1.
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B.1 Chauchy’s integration contour for point force re-
sponse
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B.2 Verifications for edge reflections
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Figure B.1: Plate edge reflections using additional infinite plate solutions for free
symmetrical plate edge. Displacements u1 and u3 calculated at monitored point.
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Figure B.2: Plate edge reflections using additional infinite plate solutions for fixed
symmetrical plate edge. Displacements u1 and u3 calculated at monitored point.
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Figure B.3: Plate edge reflections using additional infinite plate solutions for free
symmetrical plate edge. Displacements u1 and u3 calculated at monitored point.
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Figure B.4: Plate edge reflections using additional infinite plate solutions for free
symmetrical plate edge. Displacements u1 and u3 calculated at monitored point.
Appendix C
Wave Finite Element method
The main principle of this method is to find a transfer function for a periodic section of
the plates. Consider a periodic section n as shown in Figure C.1. This periodic section is
modelled using the FEM. Nodes at the periodic boundaries and inside the finite element
meshes are denoted by r, l and i respectively. From the FEM model, global matrices for
{
l r
n n+ 1n− 1 {{ ∆L
i
x
z
Figure C.1: A periodic section n in the infinite plates with periodic boundaries r and
l. Width of the periodic section is denoted by ∆L.
stiffness K, mass M and damping C are obtained. Thus, dynamic stiffness matrix for the
periodic section at each circular frequency ω is obtained as
D(ω) = K− iωC− ω2M. (C.1)
The dynamic stiffness matrix is related to displacements u and forces f at the periodic
section as
Du = f . (C.2)
Refering to Figure C.1, the displacements, the forces and the dynamic stiffness matrix
can be partition into nodes at the boundaries r and l and inside the FE meshes. This
125
Appendix C. Wave Finite Element method 126
yields Dii Dir DilDri Drr Drl
Dli Dlr Dll

ui
ur
ul
 =

fi
fr
fl
 . (C.3)
Taking the force at the inside nodes as zero, the equation above can be reduce to[
Srr Srl
Slr Sll
]{
ur
ul
}
=
{
fr
fl
}
(C.4)
where
Srr = Drr −DriD−1ii Dir, (C.5)
Srl = Drl −DriD−1ii Dil, (C.6)
Slr = Dlr −DliD−1ii Dir, (C.7)
Sll = Dll −DliD−1ii Dil. (C.8)
Due to the plate periodicity, the displacements and the forces at the right side of one
periodic section n must be the same as the displacements and the forces at the left right
side of next periodic element n+1. Thus the displacements and the forces at the periodic
boundaries can be written as
u(n)r = u
(n+1)
l , (C.9)
f (n)r = f
(n+1)
l . (C.10)
Rearranging matrix D give a frequency dependent transfer matrix relating the displace-
ments and the forces at nodes on boundary n to n+ 1 as[
u
(n+1)
l
f
(n+1)
l
]
= T(ω)
[
u
(n)
l
f
(n)
l
]
(C.11)
with
T(ω) =
[ −S−1lr Sll S−1lr
−Srl + SrrS−1lr Sll −SrrS−1lr
]
. (C.12)
Assuming a harmonic wave propagation in x direction along periodic section length ∆L
and a complex wavenumber k, the displacements and the forces can be written as
ur = exp(k∆L) · ul, (C.13)
fr = exp(k∆L) · fl. (C.14)
These leads to an eigenvalue problem of
T(ω)
[
u
(n)
l (ω)
f
(n)
l (ω)
]
= λ
[
u
(n)
l (ω)
f
(n)
l (ω)
]
= exp(k∆L)
[
u
(n)
l (ω)
f
(n)
l (ω)
]
. (C.15)
This eigenvalue problem has 2N solutions with N as total degrees of freedom at one of
the periodic boundaries. From the obtained eigenvalue λ, the complex wavenumber is
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given by
k =
ln(λ)
∆L
. (C.16)
By plotting the relationships between k and frequency, dispersion curves of the periodic
plate are obtained. In Figure C.2, a comparison is made for the dispersion curves of a
1mm thick aluminum plate calculated using the analytical and the WFE method. Good
agreements are obtained. However, the WFE method can be applied to obtain dispersion
curves for periodic plates as shown in Figure C.3. In this example, the plate has a periodic
layer of aluminum and steel material in the x direction (wave propagation direction). In
the calculations for both examples, dynamic stiffness matrices are obtained from Abaqus.
The periodic sections are modelled using CPE4 element with 10 elements per 1mm. The
aluminum has a Young’s modulus of 70GPa, a Poisson’s ratio of 0.33 and a density of
2700kg/m−3 while the steel has a Young’s modulus of 210GPa, a Poisson’s ratio of 0.27
and a density of 7800kg/m−3.
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Figure C.2: Phase velocity curves comparison between the analytical and the WFE
method for a 1mm thick aluminum plate. The periodic section of the aluminum plate
is shown next to the dispersion curves.
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Figure C.3: Phase velocity curves for a 1mm thick periodic aluminum-steel plate using
the WFE method. The periodic section of the aluminum-steel plate is shown next to
the dispersion curves.
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